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Abstract
Carrying to higher precision the large-J expansion of [1], we calculate to
all orders in 1/J the power-law corrections to the two-point functions Yn ≡
|x−y|2n∆O〈On(x)O¯n(y)〉 for generatorsO of Coulomb branch chiral rings in four-
dimensional N = 2 superconformal field theories. We show these correlators
have the universal large-n expansion
log(Yn) ' JA+ B+ log(Γ(J+ α+ 1)),
where J ≡ n∆O is the total R-charge of On, the A and B are theory-dependent
coefficients, α is the coefficient of theWess–Zumino term for theWeyl a-anomaly,
and the ' denotes equality up to terms exponentially small in J. Our methods
combine the structure of the Coulomb-branch effective field theory (eft) with
the supersymmetric recursion relations. However, our results constrain the
power-law corrections to all orders, even for non-Lagrangian theories to which
the recursion relations do not apply. For the case ofN = 2 sqcd, we also comment
on the nature of the exponentially small corrections, which can be calculated
to high precision in the double-scaling limit recently discussed by Bourget et
al. in [2]. We show the exponentially small correction is consistent with the
interpretation of the eft breaking down due to the propagation of massive bps
particles over distances of order of the infrared scale |x− y|.
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1
1 Introduction
Dealing analytically with strongly coupled theories is difficult. However, working
in a sector of fixed large quantum number J associated to a global symmetry leads
to important simplifications. Starting from a strongly coupled conformal field
theory (cft), it allows us to write down an approximately scale-invariant effective
field theory (eft) in which most terms are suppressed by inverse powers of J [3]. The
low-energy physics is governed by one or several Goldstone fields which encode
the quantum fluctuations around the fixed-charge ground state. The resulting
large-quantum-number expansion is very sensitive to the vacuum structure of the
theory. In the non-supersymmetric cases of the critical O(n) vector model [3, 4] and
the SU(n)matrix models [5, 6], there is a unique fixed-charge ground state which
is homogeneous in space and the anomalous dimension of the lowest operator of
charge J comes with a leading J3/2 scaling. The large-R-charge expansion of the
N = 2 superconformal W = Φ3 theory which has no moduli space displays the
same properties and the same leading J3/2 scaling, which signals the spontaneous
breaking of supersymmetry (susy) [3]. Things are very different for superconformal
field theories (scfts) with a non-trivial moduli space. The moduli space of vacua
implies a degenerate spectrum when the curvature of the manifold on which the
scft lives vanishes, and consequently the curvature is always relevant in the large-
quantum-number expansion. The leading J behavior of the conformal dimension is
∆J ∼ +1 · |J|1 [1, 7].
In theories without a small loop-suppressing parameter, in all cases where it can
be checked against other methods, such as Monte Carlo simulations on the lattice [8],
the conformal bootstrap [9–14] (and references therein), and exact supersymmetric
methods [1,7, 15–18], the large-quantum-number expansion converges very well to
the correct answer.
In this paper we focus on the last of these, carrying to higher order the previous
results of [1] in anN = 2 superconformal gauge theory in four spacetime dimensions.
In [1], the 1/J expansion of correlation functions of chiral primary operators of
dimension ∆ and R-charge J = ∆total = n∆O were calculated, where O is a generator
of the holomorphic coordinate ring of a one-complex dimensional Coulomb branch.1
We compute all the terms in the asymptotic expansion, and get an explicit universal
result for any theory with a one-dimensional Coulomb branch, even for models
without marginal couplings. Where we can compare our results with results from
localization techniques, we find beautiful agreement and can even see the leading
non-universal corrections from numerical data.
1 In cases where the conformal dimension∆O is fractional, there may be interesting oscillatory corrections
to our asymptotic formula with a period set by the denominator of ∆O. It would be interesting to
explore this question but for purposes of the present paper we simply choose n such that J = n∆O is
an integer. See [19, 20] for related work.
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The eft of the Coulomb branch was used in [1] to estimate the two-point function
|x− y|2n∆O
〈
(O(x))n (O¯(y))n
〉 ≡ Yn. (1.1)
The Yn are defined as correlation functions,
Yn = |x− y|
2n∆O Zn
Z0
, (1.2)
where Zn is the path integral with insertions of the operators and Z0 is the path
integral function without insertions. Up to the Weyl transformation of the insertions
and the Weyl anomaly of the partition function itself, the path integral is the same
on any conformally flat space. In particular the expectation values Y transform
covariantly under Weyl transformations, with the Weyl anomaly canceling when one
dividesZn byZ0. It is convenient to perform some calculations in the conformal frame
of the sphere S4, in which we can compare our results with those of supersymmetric
localization, e.g. [15].
Translating to the conventions of [15], the absolute normalization of the path
integral with and without insertions is defined as
Z0 ≡ exp{q0} ,
Zn ≡ exp{qn} ,
Yn ≡ |x− y|2n∆O16−nG2n = |x− y|2n∆O exp{qn − q0} .
(1.3)
Indeed, the quantity Zn ≡ exp{qn} ≡ Z0 Yn is a particularly natural object in our
way of computing the two-point function, as it can be thought of as a path integral
with sources, which can be computed with relative ease in the eft of the Coulomb
branch.
In [1], the expansion of qn was carried to order log(J), yielding the result
log(Yn) = qn − q0 = J log(J) + n log(NO) + (α+
1
2) log
(J) +O
(
J0
)
= log(J!) + n log(NO) + α log(J) +O
(
J0
)
,
(1.4)
where α is the coefficient of the Wess–Zumino term for the Weyl a-anomaly. The
constantNO is a normalization constant that can be absorbed into the normalization
ofO itself, though for theories with amarginal coupling the operatorO has dimension
∆ = 2 and there is a natural normalization of O traceable to its relation with the
actual marginal operator which is its descendant.
In this note we shall use the eft of the Coulomb branch directly to calculate the
large-J expansion of qn up to and including order 1/J. From there, we make a
number of observations about the subleading corrections to the large-J behavior of
qn.
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Our main result is that the correlators for any theory with a one-dimensional
Coulomb branch (whether it has amarginal coupling constant or not) have a universal
large-J behavior controlled by the formula
qn ' J log(J) +
(
α+
1
2
)
log(J) + (A− 1)J+ B+ log
√
2pi+
∑
m>1
Kˆm(α)
Jm
' JA+ B+ log[ Γ(J+ α+ 1) ] ,
(1.5)
where A and B are theory-dependent coefficients. The ' indicates the presence
of non-universal corrections that are exponentially small in J. The simplicity and
universality of the large-J behavior is special to the case of a Coulomb branch chiral
ring of dimension 1. For a Coulomb branch of dimension > 2 the operator of lowest
U(1) is not generally unique, and the behavior of the two-point function of powers
of a given generator may be much more complicated. In the one-dimensional case,
the correlators can be computed to all orders in J−1 in the Coulomb branch effective
action, which has the simple form:
Seff =
∫ √
|g|d4xLeff ,
Leff = Lkin + Lsuper−WZ + Lsources + LD−terms .
(1.6)
where Lkin is a free kinetic term for a vector multiplet, given in (E.6); the source term
is the negative logarithm of the operator insertions,
Lsources ≡ −n log[O] δ(x− xO) − n log[O] δ(x− xO) ; (1.7)
and Lsuper−WZ is the supersymmetrized Wess-Zumino term for the Weyl a-anomaly
and the U(1)R-symmetry, of which the relevant details are collected in (B.21), (B.22)-
(B.28).
In the case of N = 2 supersymmetric quantum chromodynamics (sqcd) with
four flavors we can estimate the leading corrections using numerical results from
localization and we find that
log(Yn)
∣∣∣∣sqcd
localization
− log(Yn)
∣∣∣∣sqcdeft ≈ 1.6 e−pi
√
J/(2 Imτ) = 1.6 e−
√
piλ/2 (1.8)
with high accuracy in the double scaling limit J → ∞, Im τ → ∞ with J/ Im τ =
λ/(2pi) fixed as suggested in [2].
The outline of our reasoning is as follows:
• N = 2 superconformal invariance is sufficiently restrictive to forbid any possible
higher-derivative F-terms in the eft of the Coulomb branch, for theories of rank
one. As a result, the entire Wilsonian action on the Coulomb branch is given by
4
the tree-level effective kinetic term, the supersymmetrized Wess–Zumino term for
the spontaneously broken Weyl invariance, and unknown D-terms which do not
affect correlation functions of chiral primaries.
• The F-term content of the eft only depends on the a-anomaly coefficient of the
underlying cft, which we parametrize as in [1], following the normalization in
Anselmi–Freedman–Grisaru–Johansen [21] (aefj)
α ≡ 2(∆a)[aefj] ,
∆a ≡ aCFT − aEFT ,
a[aefj] ≡ 524 aaU(1) vector multiplet .
(1.9)
It follows that all the correlators, regardless of the details, depend only on α
in some theory-independent formula, modulo terms that are either affine in J,
coming from the normalization of the external operator and the sphere partition
function or nonperturbatively small in J, coming from the breakdown of the eft.
• In terms of α, the order n−m term in qn can be expressed as
qn
∣∣∣∣
O(n−m)
=
Km(α)
nm
, (1.10)
where Km(α) is a polynomial defined by quantizing the effective theory of the
Coulomb branch with Wess–Zumino coefficient α, regularized and renormalized
to preserve the spontaneously broken superconformal symmetry, see Sec. 2.
• For values of α that can be realized as superconformal gauge theories with a
marginal coupling, the theory has to obey recursion relations, which lead to
“effective recursion relations” for the power-law terms, which are algebraic rather
than differential, because these terms must be independent of τ and τ¯, because of
point the absence of higher-derivative F-terms. Using the recursion relations we
can compute all the polynomials Km(α). This leads to a unique formula for all the
power-law corrections, for any value of α, for theories that obey the effective recursion
relations
Km(α) ≡ ∆−mO Kˆ[univ]m (α) , (1.11)
where the Kˆ[univ]m satisfy
dKˆ[univ]m+1 (α)
dα = −mKˆ
[univ]
m (α) (1.12)
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and are the coefficient of J−m in the asymptotic expansion of log Γ(J+ α+ 1):
Kˆ[univ]m (α) ≡ Pˆ[univ]m+1 (α) ≡ log Γ(J+ α+ 1)
∣∣∣∣
O(J−m)
=
(−1)m+1
m(m+ 1)Bm+1(α+ 1),
(1.13)
where Bm+1 is the Bernoulli polynomial of degreem+ 1, see Sec. 3.
• Since unitarity does not appear to be a logical necessity for the validity of the
recursion relations, we argue that the existence of an infinite series of N = 2
superconformal SU(2) gauge theories with nonunitary matter, marginal gauge
coupling, and distinct values of α, proves that Kˆm(α) is universally completely
determined by the existence of this series. In other words, for any value of α the
power-law corrections can be shown to obey the effective recursion relations, to all
orders in J (but not nonperturbatively) and
Kˆm(α) = Kˆ
[univ]
m (α) =
(−1)m+1
m(m+ 1)Bm+1(α+ 1) , ∀m > 1 , (1.14)
for any theory with a one-dimensional Coulomb branch, whether it has a marginal
coupling constant or not. This is discussed in Sec. 4.
• We can do a simple consistency check by calculating the classical terms, without
reference to any completion, unitary or nonunitary, with or without marginal
coupling. We find that the αm+1/Jm term agrees with our proven formula.
• We can also check against direct calculations in the case of N = 2 sqcd, where the
correlators can be computed directly by localization. We find fantastic agreement
and the precision is limited only by the omission of instanton corrections. We can
remedy that by considering the limit suggested in [2], where we find sufficiently
precise agreement that we can even see the leading nonuniversal correction,
which strongly suggests an interpretation in terms of virtual Bogomol’nyi–Prasad–
Sommerfield (bps) dyons propagating over macroscopic distances, see Section 5.
The plan of this paper is as follows. In Section 2 we discuss the building blocks
of the Feynman diagrams which appear for the expansion of the two-point functions
at order 1/J, discussing the basic setup in Section 2.1, the normalization of the
observables in Section 2.2 and the α-dependence of the observables in Section 2.3.
In Section 2.4, we give concrete examples of diagrams appearing at order n0 and
n−1. In Section 2.5, we discuss the universality for power-law corrections and
the nonuniversality for exponential corrections. In Section 3.1, we derive the
J−m corrections in Lagrangian theories, using recursion relations to determine all
correlation functions of Coulomb branch chiral primaries for N = 2 scfts with a
marginal coupling τ. In Section 3.2, we treat the concrete examples of Abelian gauge
theory without matter, N = 4 super Yang–Mills (sym) with G = su(2) and N = 2
super-qcd with G = su(2) and NF = 4. In Section 4, we argue that our result for the
power-law corrections should apply to any value of α, for Coulomb-branch chiral-
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primary correlators in any rank-one theory with any value of α, whether or not it has
a marginal coupling. In Section 4.2, we discuss manifestly N = 2 superconformal
ultraviolet (uv) regulators with marginal couplings which are constructed by adding
“ghost” hypermultiplets with reversed spin-statistics which allow us to regulate any
one-dimensional Coulomb-branch eftwith α-coefficient satisfying α ∈ 32 − 43 Z. In
Section 4.3, we use this fact to write the power-law corrections for α ∈ 32 − 43 Z. In
Section 5 we compare the universal eft behavior with the results from S4 localization,
finding an excellent agreement. In Section 6, we close with a brief discussion of our
findings. A lot of the technical details of the above discussion is relegated to the
Appendix. The solution to the recurrence relations is detailed in Appendix A. The
N = 2 supersymmetrization of the Weyl anomaly action is given in Appendix B.
The nonexistence of higher-derivative F-terms on conformally flat space is argued in
Appendix C. TheN = 2 superconformal gauge dynamics with ghost hypermultiplets
which is used in Section 4 is explained in Appendix D. The saddle point value of the
classical action is shown in Appendix E. Finally, in Appendix F, the numerics for the
comparison to the localization result are given.
2 Diagramatics and quantization of the EFT
As in [1, 3, 7], we consider the effective theory of the Coulomb branch, as an effective
theory in which conformal invariance is treated as an exact nonlinearly realized
dynamical symmetry, and N = 2 Weyl invariance as an exact symmetry of the
dynamical fields and background fields together.
As explained in Appendix C, rank one theories are special in this regard, as the
effective theory admits no superconformally invariant F-terms beyond the kinetic
term and super-Wess–Zumino (wz) terms, respecting the N = 2 superconformal
symmetry. All higher-derivative terms allowed by the symmetries are D-terms. We
can treat our theory as a Wilsonian effective action with a cutoff Λ satisfying
EIR << Λ << |φ| . (2.1)
We can then compute quantum effects by regularizing and renormalizing the theory
with local counterterms that remove all dependence on the cutoff scale Λ.
The absence of superconformal F-terms means that any counterterms consistent
with the symmetries must be D-terms. Since two-point functions can in principle be
computed by supersymmetric localization, however, they are necessarily independent
of D-terms. It follows that all power-law 1/nm corrections to the logarithm of the
correlator are necessarily independent of the details of the microscopic theory,
depending only on the α-coefficient.
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2.1 Setup
Begin by representing the correlator as
Yn = |x− y|
2n∆O Z−10 × Zn , (2.2)
where
Zn ≡ exp{qn} (2.3)
is the path integral with sources −J log(φhol) and −J log
(
φ¯hol
)
(with J = n∆O)
inserted at x and y, respectively. The sources can also be taken to be smeared over a
scale  = O(Λ−1) if desired, though this makes no difference to the result in the end,
as the field φ is nonsingular with respect to itself and the limit → 0 is nonsingular.
Here we have taken φhol to be normalized such that φ∆O = O exactly. This is the
superfield that we take to be holomorphic in the background fields, if one is to turn
on any background fields such as a marginal coupling. For instance, in a Lagrangian
theory, φhol is the superfield whose effective kinetic term is
Lkinetic = −i× (const.)×
∫
d4θN=2 τΦ
2
hol + (h.c.). (2.4)
For purposes of quantizing the effective theory of the Coulomb branch, it is more
convenient to work in terms of the field φunit ≡
√
Im(τ), whose kinetic term is
Lkinetic = (const.)×
∫
d4θN=2Φ
2
unit + (h.c.)
= |∂φunit|
2 + fermion kinetic+ gauge kinetic
(2.5)
in Euclidean signature. In general, when we write φwithout a subscript indicating
the normalization, we shall always be referring to the field φunit. More generally, the
relationship between φhol and φunit can be written as
φhol = NOφunit. (2.6)
In terms of the unit-kinetic-term superfield, the correlation functions of φ are
Yn = Z
−1
0 × Zn = N2JO × Z(unit)n , (2.7)
where Z(unit)n is just the path integral with insertions of the unit normalized field,
Z
(unit)
n ≡
〈
φn∆Ounit (x)φ
n∆O
unit (y)
〉
. (2.8)
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2.2 Normalization of the observables
As discussed in [1], no superconformal effective term can contribute to orders higher
than J0 in the expansion of the correlation function. The wz terms arising both for
the Weyl symmetry and U(1) R-charge are needed to compensate the difference
between the anomaly coefficients of the underlying cft and the eft of the Coulomb
branch. They cannot be written as superconformal terms in superspace, because
they explicitly break both the Weyl symmetry and R-symmetry of the action. We
must therefore write the wz terms while being very careful and explicit about their
normalization.
We start with the wz-term of the action as given in Komargodski–Schwimmer
(ks) [22] (abbreviated henceforth with the superscript KS):
S
[ks]
WZ = −∆a
[KS]
∫
d4x
√
−g
[
τE
[KS]
4 +
(
4
(
Rµν −
1
2Rg
µν
)
∇µτ∇ντ
− 2 (∇τ)2
(
2τ− (∇τ)2
))]
. (2.9)
In a Coulomb branch eft, there is also a mismatch of the U(1)R gravitational
anomaly coefficients between the eft and the full underlying cft, proportional to
the Weyl a-anomaly mismatch [1]. This anomaly mismatch can only be canceled by
a gravitational Green–Schwarz mechanism involving the Goldstone mode β of the
spontaneously broken U(1)R. Under supersymmetry the dilaton and axion form a
chiral multiplet τ + iβ. For a rank-one theory there is a unique candidate for the
axiodilaton. In terms of theφhol coordinate, the complex axiodilaton τ+ iβ of [22–24]
is
τ+ iβ = − log(φ/µ) . (2.10)
If we want to specify how our dilaton depends on background fields, we need
to specify whether we are talking about the holomorphic dilaton, unit dilaton, or
something else.
The holomorphic axiodilaton is defined as [24]
(τ+ iβ)holo = − log(φholo/µ) , (2.11)
while the unit-normalized axiodilaton is
(τ+ iβ)unit = − log(φunit/µ) , (2.12)
where the two differ by
(τ+ iβ)holo = (τ+ iβ)unit − logNO . (2.13)
The quantity NO depends on the background fields (such as complex marginal
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couplings τ) in a nonholomorphic way, and therefore we must keep track of it if we
are trying to do things like compute the un-normalized correlators exp{qn} ≡ Z×Yn
as a function of τ, τ¯. For constant τ, τ¯, only the overall normalization of exp{qn}
is affected by the difference between (τ + iβ)unit and (τ + iβ)holo, because the
undifferentiated axiodilaton enters the action of [24] only through the Euler density.
However even apart from this, it is valuable to keep track of the difference, because
one may want to compute, for instance, in backgrounds with position-dependent
marginal couplings, in which caseNO becomes position-dependent and its gradients
enter the effective action.
In the present paper, we will only ever consider constant gauge coupling τ, and
therefore we will work in terms of the unit-normalized axiodilaton, taking care to
add the extra term to the action of [24]:
LBEO[(τ+ iβ)holo] = (∆a)
[KS] × log(NO)E4 + LBEO[(τ+ iβ)unit], (2.14)
and LBEO is given in Appendix B. When we refer to the super-dilaton without speci-
fying, we will always be referring to the unit-normalized rather than holomorphic
dilaton, as the unit-normalized axiodilaton is the more natural object from the point
of view of the large-J expansion.
In terms of the unit-normalized chiral superfield
φ ≡ φunit ≡ µ exp(−τ− iβ) ≡ µ exp(−(τ+ iβ)unit) , (2.15)
the full effective action for the path integral with sources is
Seff =
∫ √
|g|d4xLeff ,
Leff = Lkin + Lsuper−WZ + Lsources + LD−terms .
(2.16)
, as mentioned earlier in (1.6). The D-terms will not affect our considerations at all,
as we are computing observables invariant under some subset of the supersymmetry,
and therefore unaffected by D-terms.
We also note that in a more general Coulomb branch, of rank more than 1, we
would expect higher-derivative F-terms, of the type studied in [25–28]. In a theory of
rank 1, as we show in Appendix C, there are no superconformally invariant higher-
derivative F-terms at all. It is this simplification that permits the extraordinarily
detailed calculation of correlation functions to all orders in 1/n that we are able to
perform in the present article.
We wish to emphasize particularly that the absence of higher-derivative F-terms,
means that the action (2.16) is in effect an almost uv-complete action: There are
no ultraviolet divergences to any order in 1/J perturbation theory, which affect the
correlation function. Or more precisely, for a superconformally invariant regulator,
there are no uv-divergences in 1/J perturbation theory affecting the protected corre-
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lation functions; for a non-superconformally-invariant regulator, any uv divergences
will be proportional to powers of |Λ|/|φ|, and can be subtracted in a canonical way
according to the criterion of restoring superconformal invariance of the quantum
effective action. We will now use this almost-uv completeness of the F-term sector
of the eft, to derive an all-orders 1/J expansion for the chiral primary two-point
functions.
2.3 α-dependence of the observables
We can read off the form of the α-dependence from the form of the action as written
in terms of φunit. Modulo D-terms, the only terms in the action are of order |φ|2,
J log |φ|, and |φ|0 α. If we define αˆ ≡ α/J, then the whole action, written in terms of
αˆ and J, is strictly of order J1, modulo logarithms of J. Thus J−1 becomes a uniform
loop-counting parameter of the theory: The parameter J only occurs together with
1/ h, so long as we write the action in terms of J and αˆ, the power of parameter J
exactly counts the number of loops in a diagram:
(J− scaling of a diagram) ∝ J[1−(number of loops)] F(αˆ) . (2.17)
Since we are computing the partition function and counting the source terms as part
of the action itself, the diagrams we are computing are vacuum diagrams, with no
“external” lines.
Concretely, the classical solution for φ is of order J1/2 and if we split the classical
solution into φ = φclassical + φfluc, then we can decompose the free+ source + the
super-wz into vacuum expectation value (vev) and fluctuations; each vertex with f
fluctuations scales as J1−f/2 at fixed αˆ, and by the usual counting, a connected vacuum
diagram, after contracting all fluctuation lines, must have scaling J1−(number of loops).
As usual we ignore D-terms, of which the correlators are independent.
To find the J-scaling at fixed α of a diagram, simply turn the αˆ’s back into α/J’s,
which gives an extra factor of 1/J for each α-vertex. This gives
(J− scaling of a diagram) ∝ J−m ,
m ≡ (# of loops) + (# of α− vertices) − 1 .
(2.18)
From formula (2.18) two important properties of correlation functions in the Coulomb-
branch eft as a function of α are immediately clear:
• The term Kˆm/Jm ∈ qn is a polynomial in α of orderm+ 1; and
• The terms αˆm+1/Jm are composed of tree diagrams only, and can be read off from
the (negative of the) saddle point of the classical Wilsonian action including both
sources and super-wz term.
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Therefore we can write the O(n−m) term in qn as
qn
∣∣∣∣
O(n−m)
=
Km
nm
(2.19)
where
Km = Km(α) = Pm+1(α) , (2.20)
is a polynomial of orderm+ 1 in α, with the leading term determined by the action
of the classical saddle point with super-wz term included.
It is convenient to eliminate the explicit dependence on ∆O and rewrite qn in
terms of a series expansion in the charge Jwith coefficients Kˆm(α) defined by
qn
∣∣∣∣
O(n−m)
=
Km(α)
nm
=
∆mO Km(α)
Jm
=
Kˆm(α)
Jm
=
Pˆm+1(α)
Jm
(2.21)
where the polynomials Pˆm+1(α) are simply
Pˆm+1(α) ≡ ∆mO Pm+1(α) . (2.22)
2.4 Examples of diagrams
The nature of the one-point vertices depends how the field φ is broken up into
“background classical solution” and “fluctuation”. The simplest starting point is to
break up φ into classical solution and fluctuation, where the classical solution is the
solution at α = 0, with the wz term ignored. This solution was written down in [1]
and on IR4 takes the form
φcl(x) =
eiβ0 |x1 − x2|
2pi(x− x2)2
J1/2 , φ¯cl(x) =
e−iβ0 |x1 − x2|
2pi(x− x1)2
J1/2 ,
|φcl(x)| =
|x1 − x2|
|x− x1||x− x2|
J1/2
2pi .
(2.23)
Note that these expressions depend on the conformal frame. In the conformal frame
of the cylinder they become
φcl(x) =
et/r
2pir J
1/2 , φ¯cl(x) =
e−t/r
2pir J
1/2 ,
|φcl(x)| =
1
2pirJ
1/2.
(2.24)
The dilaton τ is just constant and the axion β is linear in time,
τ
[cylinder]
cl = log(2piµR) −
1
2 log
(J) (2.25)
β
[cylinder]
cl = i
t
R
, (2.26)
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which are always properties of a helical classical solution.
Since the φclassical solves the classical equation of motion (eom) exactly at α = 0,
there are no “external” lines without α-vertices. With this organization of φ into
background plus fluctuation, there do indeed exist one-point vertices, but each is
proportional to αˆ and therefore comes with an extra power of J−1. So nontrivial
tree diagrams do exist in this organization of diagrams, with each one-point vertex
carrying an α-factor, which suppresses the weight of the diagram by J−1.
Let us examine the diagramatics of the first few terms in the 1/n expansion of qn.
Order n0. At order n0 we have only the determinant, with no α-vertices at all; that
is, just the fluctuation determinant of the free vector multiplet action with logarithmic
sources proportional to J = n∆O. The sources make this determinant nontrivial, but
its value is already known directly by expanding the free-field partition function
q
(free)
n ≡ log
(
Z
(free)
n
)
= An+ B+ log(Γ(∆On+ 1)) = log(Γ(J+ 1)) (2.27)
to ordern0.Indeed, all diagramswithoutα-vertices, are simply terms in the expansion
of log(Γ(∆On+ 1)) = log(Γ(J+ 1)): the order α0 n−m term in qn, is just the n−m
term in the Stirling series of log(Γ(J+ 1)):
qn
∣∣∣∣
O(α0n−m)
= log(Γ(J+ 1))
∣∣∣∣
O(J−m)
=
(−1)mBm+1
m(m+ 1) (2.28)
where Bm+1 is the Bernoulli number.
At order n0 there is also a “diagram” with one α-vertex that has no external
lines at all: This is just the evaluation of the (negative of the Euclidean) wz term
on the classical solution, whose log(n) piece was computed in [1]. In that paper
we did not compute the non-logarithmic contribution to qn at order n0. Indeed
this term by itself is ill-defined due to the conformal anomaly; only the difference
qn−q0 is well-defined. While the n0 term in qn−q0 is well-defined and in principle
computable, the computation requires a somewhat careful matching of conventions
and renormalization schemes between the sphere partition function and the large-J
partition function, and we do not pursue it in the present paper. We focus instead on
large-n limits of differences qn+1 − qn between adjacent correlators, which are also
well-defined and amenable to direct analysis at large n.
From equation (2.18) we see that there are no further contributions at order n0.
Order n−1. Consulting equation (2.18), we see that the order n−1 contribution to
qn contains three distinct types of diagram:
• Two-loop diagrams with no α-vertices;
• One-loop diagrams with one α-vertex; and
• Tree-level diagrams with two α-vertices.
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description term diagrams
Two-loop with no α-vertices Kˆ1,0
k
k
One-loop with one α-vertex Kˆ1,1α
k
k
Tree-level with two α-vertices Kˆ1,2α2
k
Table 1 – Diagrams appearing at order 1/J.
We shall call these respective contributions
qn
∣∣∣∣
O(n−1)
≡ Kˆ1
J
≡ Pˆ2(α)
J
≡
2∑
a=0
Kˆ1,aα
a
J
(2.29)
• The two-loop diagram would be cumbersome to compute directly, but we do not
have to: We know it is equal to the J−1 term in the expansion of log(Γ(J+ 1)). So
from Eq. (2.28) we have:
Kˆ1,0 =
B2
2 = +
1
12 . (2.30)
• We calculate Kˆ1,2 in Section E of the Appendix, and the result is in Eq. (E.31) (for
m = 1):
K1,2 ≡ ∆−1O Kˆ1,2 = +14 for the case ∆O = 2 , (2.31)
which according to (2.21) means
Kˆ1,2 = 2× K1,2 = +12 . (2.32)
• The value Kˆ1,1 comes from of the one-loop diagram with a single α-vertex. This
diagram is also somewhat tedious to compute directly and we will not need to do
so. Instead, we will infer the value of Kˆ1,1 based on the known values of Kˆ1,0 and
Kˆ1,2 together with the value of Kˆ2 for α = 1, which is realized by N = 4 sym and
has a simple closed-form expression for qn.
qN=4 SYMn = An+ B+ log(Γ(2n+ 2)) . (2.33)
This theory has∆O = 2 andα = 1 (see [1] for the normalization of theα-coefficient)
and so using Stirling’s formula we have
qn
∣∣∣∣
O(1/n)
= K
(N=4 SYM)
1 =
13
24. (2.34)
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Then, using the definition of P2 we have
13
24 = K
(N=4 SYM)
1 = K1
∣∣∣∣
∆O=2, α=1
= P2(α = 1)
∣∣∣∣
∆O=2
=
1
2 Pˆ2(α = 1) =
=
1
2
(
Kˆ1,0 + Kˆ1,1 + Kˆ1,2
)
=
7
24 +
1
2 Kˆ1,1.
(2.35)
This gives
Kˆ1,1 = +
1
2 . (2.36)
The final result is that the general form of the coefficient of the 1/J term is
Kˆ1 = Pˆ2(α) =
α2
2 +
α
2 +
1
12 =
1
2
[
α2 + α+
1
6
]
. (2.37)
Later we will be interested in the case of N = 2 sqcd with Nf = 4, which has
α = 32 and ∆O = 1. This corresponds to a value of
Kˆ1(α =
3
2) = +
47
24 ,
Kˆ1(∆O = 2, α = 32) = +
47
48 .
(2.38)
Wewill be able to check this value against correlation functions computed by recursion
relations starting from the sphere partition function Z = Z0 = exp{q0}.
2.5 Universality for power law corrections versus nonuniversality
for exponential corrections
Combining the results from [1] and Sec. 2.3, we find that the correlation functions
Z−1Zn = exp{qn − q0} take the form
qn ' J log(J) +
(
α+
1
2
)
log(J) + (A− 1)J+ B+ log
√
2pi+
∑
m>1
Kˆm(α)
Jm
, (2.39)
where J = n∆O and Kˆm = Pˆm+1(α) are some universal coefficients independent of
the microscopic details of the underlying microscopic cft including the dimension
∆O of the generator of the Coulomb branch and depending only on α as a theory-
independent polynomial of orderm+ 1. The coefficients A and B can depend on the
theory overall, on the normalization of the operators O, on the marginal parameters
τ if any, and on the renormalization scheme. The coefficients Kˆm, on the other hand,
are independent of the renormalization scheme and marginal couplings, and can
be computed in the effective theory with no counterterm ambiguities because no
superconformal F-terms exist of order J−1 or higher, a property special to theories
with one-dimensional Coulomb branches.
The ' in the formula indicates that the formula above should be understood only
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as an asymptotic expansion in J: The eft can be valid only up to amplitudes associated
with propagation of massive particles over the infrared scale. In a conformal theory,
the massM of the lowest massive excitation must be given byM = κM |φ| where
κM is a dimensionless parameter depending on the theory overall and on the
marginal couplings. In familiar cases we know κM depends on the gauge coupling,
as∝ gYM+1 ∝ Im(τ)−1/2 at weak coupling. Thus we expect eft to break down due to
effects of size exp(−κML)where L ≡ κL× r, with r being the radius of the sphere and
κL being a dimensionless number. Then the size of the exponentially small effects
signaling the breakdown of the eft, should go as exp(−κMκL r|φ|) = exp
(
−κ
√
J
)
,
where
κ = 2piκMκL. (2.40)
Here we have used the identity in Eq. (2.24):
J = 4pi2 r2 |φ|2 (2.41)
for the classical helical ground-state solution.
Since κ contains a factor of κM, and since κM is theory dependent (in particular,
depending on marginal parameters), we do not expect the theory-independence of
the n−m terms to extend to the exponentially small corrections. We shall return to
this point later on.
3 Lagrangian theories
3.1 Derivation of the J−m corrections in Lagrangian theories
In [15–18,29], Coulomb branch correlation functions were analyzed for N = 2 scfts
with a marginal coupling τ. In these, the correlation functions were shown to obey
recursion relations with respect to the coupling constant τ:
∂∂¯qn(τ, τ¯) = exp[qn+1(τ, τ¯) − qn(τ, τ¯)] − exp[qn(τ, τ¯) − qn−1(τ, τ¯)]. (3.1)
In particular, for N = 2 superconformal gauge theories with SU(2) or SO(3) gauge
group, the recursion relations in Eq. (3.1) are sufficient to determine all correlation
functions of Coulomb branch chiral primaries for any value of αwhere the eft can
be completed by a superconformal gauge theory.
In Appendix A, we show that the recursion relations, when they apply, fix the
J−m power-law corrections uniquely for a given value of α. In the derivation, we
use only the fact that qn has the asymptotic expansion (2.39) with Kˆm depending
only on α and not on τ, τ¯ or ∆O, a property which follows from the properties of
the Coulomb-branch eft as discussed above. We see in Eq. (A.22) that the recursion
16
relations uniquely fix
qn ' JA+ B+ log(Γ(J+ α+ 1)) (3.2)
and the coefficients in the perturbative expansion are those in Eq. (A.23):
Kˆm = Pˆ
[univ]
m+1 (α) ≡ coefficient of J−m in log(Γ(J+ α+ 1)), (3.3)
for any value of α corresponding to a gauge theory with marginal coupling. These
are essentially the Bernoulli polynomials of degreem+ 1:
Pˆ[univ]m+1 (α) =
(−)m+1
m(m+ 1)Bm+1(α+ 1). (3.4)
For concreteness, we give the first several values of Pˆ[univ]m+1 (α):
Pˆ[univ]2 (α) =
1
2α
2 +
1
2α+
1
12 , (3.5)
Pˆ[univ]3 (α) = −
1
6 α
3 −
1
4 α
2 −
1
12 α , (3.6)
Pˆ[univ]4 (α) = +
1
12 α
4 +
1
6 α
3 +
1
12 α
2 −
1
360 (3.7)
Pˆ[univ]5 (α) = −
1
20 α
5 −
1
8 α
4 −
1
12 α
3 +
1
120 α , (3.8)
Pˆ[univ]6 (α) = +
1
30 α
6 +
1
10 α
5 +
1
12 α
4 −
1
60 α
2 +
1
1260 , (3.9)
Pˆ[univ]7 (α) = −
1
42 α
7 −
1
12 α
6 −
1
12 α
5 +
1
36 α
3 −
1
252 α , (3.10)
and so forth. The coefficient of αm+1 in Pˆm+1 is (−1)m+1/(m(m+ 1)). We show in
Appendix E that these values can be independently computed in our eft without
using to the recursion relations. On the other hand, these polynomials satisfy an
effective recursion relation
dPˆ[univ]m+1 (α)
dα = −
(m− 1)Pˆ[univ]m (α) (3.11)
which is independent of any notion of coupling.
Note that we do not use any information about the sphere partition function
in our derivation. As emphasized in [15], the solution to the recursion relations
is not unique, and one needs “boundary conditions” of some kind to select the
correct solution. For the case of rank-one superconformal gauge theories, the sphere
partition function uniquely determines all the qn. Here we show that, without using
the sphere partition function as an input, the large−n asymptotics corresponding to
quantization of the Coulomb-branch eft, fix the correlators not completely uniquely,
but uniquely up to corrections smaller than any power of n. In the next Section, we
shall present evidence that the asymptotic expansion in inverse powers of J produces
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the physically correct answer, matching the correlators extracted from the sphere
partition function, to exponentially fine accuracy as a function of J. We shall also
return later to discuss the physical meaning of these exponentially small corrections.
3.2 Examples
In this section we consider examples of gauge theories with marginal couplings
and the power-law terms Km n−m = 2−m Kˆm n−m = Kˆm J−m in their large-J
expansions.
Abelian gauge theory without matter: α = 0. The Abelian gauge theory with
no matter is a gauge theory with a marginal coupling τ. This coupling is a true
parameter of the theory, affecting for instance the spectrum of electric and magnetic
flux states on a spatial slice Σ with a nonvanishing second homology group; the
Abelian gauge theory is therefore a gauge theory with a marginal coupling, which
must obey the recursion relation in Eq. (3.1) and therefore have Kˆm = Pˆm+1.
The Coulomb branch chiral ring is generated by φ, so O = φ and ∆O = 1.
The two-point functions Yn are particularly easy to compute in this case because
the flux states are irrelevant to the computation of correlation functions of local
operators. Therefore τ decouples completely from such correlators, except through
the normalization of the vector multiplet scalar φholo, which drops out if we consider
correlators of φ ≡ φunit.
The correlation function of φn with φ¯n is thus given by
Yn = NnOΓ(n+ 1) = NnOΓ(n+ 1) , (3.12)
and so we have
Km = P
[univ]
m+1 = coefficient of J−m in log(Γ(J+ 1)), (3.13)
in agreement with formula in Eq. (3.3).
N = 4 super-Yang–Mills with g = su(2): α = 1. Now we consider the case of
N = 4 sym with g = su(2). The generator of the chiral ring is O ∝ Tr(Aˆ2), where
Aˆ is the adjoint-valued vector-multiplet scalar in the microscopic theory, giving O
dimension ∆O = 2, as in all rank-one gauge theories. The correlation functions in
this case are
exp{qn} = ZYn = Nn log[(2n+ 1)!] = log(Γ(J+ 2)) , (3.14)
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and so the power-law corrections are
Kˆm = coefficient of J−m in log(Γ(J+ 2)) = (−)m+1
(
1
m
+
Bm+1
m(m+ 1)
)
=
(−)m+1
m(m+ 1)Bm+1(2) ,
(3.15)
where Bm+1(x) is the Bernoulli polynomial. This agrees with formula in Eq. (3.3) for
the case α = αN=4, G=SU(2) = 1.
N = 2 super-qcd with g = su(2) and NF = 4: α = 3/2. Now we consider the
more involved case of conformal N = 2 sqcd with g = su(2) and four hypermulti-
plets in the 2 representation of SU(2). Here, the coupling constant dependence is
complicated even for the sphere partition function without insertions; the correlation
functions Yn(τ, τ¯) which are obtained from Z(τ, τ¯) by the recursion relations, are
more complicated still and the complication grows quickly with n.
At large n, on the other hand, formula in Eq. (A.22) tells us the dependence
of Yn on the coupling is just the trivial [Im(τ)]−2n geometric dependence, up to
exponentially small corrections to log(Yn). In particular, the corrections should
obey the universal formula for power law corrections for rank-one Coulomb-branch
correlators, with ∆O = 2 and α = αSQCD = 3/2:
Km = 2−m Kˆm
∣∣∣∣
α= 32
= 2−m Pˆm+1(α) =
= coefficient of J−m in log(Γ(J+ 5/2)) = (−1)
m
m(m+ 1)Bm+1(5/2).
(3.16)
Lacking a closed-form expression, we instead compare our prediction (3.16) with
data from the numerical evaluation of correlation functions, as in [1].
We begin with the zero-instanton approximation to the sphere partition function
Z = Z0 = exp{q0} → Z[zero−instanton] and evolve up to n = 40 using the recursion
relations to get an approximate answer; we expect that the omission of instanton
effects should lead to errors no larger than relative size exp{−2pi Im(τ)}, which is
smaller than 2× 10−3 for Im(τ) > 1.
In the Appendix F we present data for correlation functions. We take the second
difference with respect to n in qn to cancel the n0 and n1 terms in Yn,
42nqn = qn+2 − 2qn+1 + qn, (3.17)
and we compare them−1 and smaller terms.
We find that the numerical values are in beautiful agreement with the prediction
(3.16). Quite rapidly, already for τ ' 4i, the τ-dependence drops for all values of n.
The asymptotic values is well approximated by our prediction42nqeftn for n larger
that n & 5, where the discrepancy between the eft result and the localization is of
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Figure 3.1 – Second difference in n for42nq(loc)n (dots) and for42nqEFTn (continuous
lines) as function of Im τ at fixed values of n. The numerical results quickly reach a τ-
independent value that is well approximated by the asymptotic formula when n is larger
than n & 5.
order 1 − 42nqeft/42nq(loc)
∣∣
n=5,Im(τ)1 ≈ 1%. Even for n = 1, the discrepancy is
only of order 1− 42nqeft/42nq(loc)
∣∣
n=1,Im(τ)1 ≈ 8% (see Fig. 3.1). In Sec. 5, we will
estimate the behavior of the discrepancy as function of J and Im τ.
4 Universal theory-independence of the J−m corrections
4.1 Initial comments
The derivation of the 1/n corrections in Section 3, has relied beyond first order on the
recursion relations given in Eq. (3.1). These recursion relations, as derived in [29],
apply only to theories with a marginal coupling. Despite this, the actual formula
for the power-law corrections is completely independent of the marginal coupling,
depending only on the α-coefficient of the theory. It is tempting, therefore, to wonder
whether the formula may also apply to rank-one theories with other values of α (for
instance those in the classification of Argyres et al., [30–33]), most of which do not
have a marginal coupling at all. In this section we shall present arguments suggesting
that the formula in Eq. (3.2) for the power-law corrections should apply to any value
of α, for Coulomb-branch chiral-primary correlators in any rank-one theory with any
value of α, whether or not it has a marginal coupling.
For infinitely many values of α, the eft has a nonunitary but superconformally
invariant regulator obtained by adding adjoint and fundamental hypermultiplets,
of which either or both have the opposite statistics to that of a unitary matter field.
These nonunitary theories do have marginal couplings, and we observe that the
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derivation of the recursion relations works equally well as in the unitary case since
this derivation does not rely on unitarity at all.
4.2 Ultraviolet regulators with marginal couplings
For three values of α, namely α = 0,+1,+32 , the Coulomb-branch eft has a unitary
uv completion which in the first case is exactly free and in the latter two cases has a
marginal coupling parameter. These are the only three unitary scfts with marginal
coupling and one-dimensional Coulomb branch.
We note, however, that unitarity2 appears to play no role in the derivation of the
recursion relations. We can therefore consider gauge theories with both nonunitary
as well as unitary matter sectors. If the matter is chosen so that the β-function
vanishes identically, these gauge theories will have marginal gauge coupling τ and
values of the α-coefficient α = 512
aCFT−aEFT
afree U(1) vector
.
The theories are constructed by adding “ghost” hypermultiplets – with the same
super-conformal transformations and R-symmetry quantum numbers as ordinary
hypermultiplets, but with spin-statistics reversed – that is, a multiplet whose lowest
component is a scalar fermion, transforming in the 2 of the SU(2) R-symmetry group.
We give some details of these theories in Appendix D. The relevant facts are
the β-function cancellation condition (D.6) and the anomaly mismatch α-coefficient
of the Coulomb branch eft. If there are n(hyper)R in a representation R of the gauge
group, and some number of ghost hypers n(ghost hyper)R in a representation of the
gauge group, then the hypers contribute to the β-function andWeyl anomaly through
the difference between the two,
n˜
(hyper)
R ≡ n
(hyper)
R − n
(ghost hyper)
R . (4.1)
We can construct many interesting nonunitary scfts this way, but the simplest
choice is to take only hypers and ghost hypers in the 2 and 4 representations, in
which case the β-function vanishes if
n˜
(hyper)
2 = 8− 10 n˜
(hyper)
4 , (4.2)
and the theory is conformal. There are no massless degrees of freedom on the
Coulomb branch other than the massless U(1) vector multiplet, and the value of the
α-coefficient is
α =
3
2 −
4
3 n˜4. (4.3)
This shows that the Coulomb-branch eft with super-wz α-coefficient α = 32 −
4
3 n˜4
can be obtained with a manifestly N = 2 superconformal regulator, analogous to a
Pauli–Villars regulator.
Other values of α are obtainable using N = 2 superconformal gauge theories
2 or more precisely, reflection positivity in the Euclidean path integral
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with ordinary and ghost hypermultiplets in higher representations of SU(2), but for
the present purposes it suffices to show how an infinite number of values of αmay
be obtained with such constructions.
Apart from the manifest superconformal invariance, a second valuable feature of
this regulator is the fact that it possesses a marginal coupling and thus obeys the
recursion relations of [29] when considered as a full scft rather than as a regulator
for the vector multiplet eft. Though the recursion relations were originally applied
in the context of unitary superconformal gauge theory, unitarity of the cft appears
to play no essential role in the derivation of the relations, and thus one expects
N = 2 superconformal gauge theories with ghost-hypers to obey the same recursion
relations as those with ordinary matter. We will now make use of this fact to write
recursion relations for the power-law corrections for more general values of the
α-coefficient.
4.3 Universal polynomials
In the previous section, we have observed that there appear to be an infinite number of
rank-one N = 2 superconformal gauge theories, realized by SU(2) gauge theory with
combinations of ordinary hypermultiplets with ghost hypermultiplets. By taking
such combinations, we find we can regulate any one-dimensional Coulomb-branch
eftwith α-coefficient satisfying α ∈ 32 − 43 Z by a superconformal SU(2) gauge theory
with ordinary hypers and ghost hypers in the 2- and 4-dimensional representations.
These theories do have the marginal coupling constant τ and must therefore obey
the recursion relations with respect to τ, as in [29].
As we have shown diagrammatically in Section 2.3, the 1/nm corrections to
the logarithms of the two-point functions can depend only on J and α, and not on
∆O and n individually, nor on marginal couplings, nor on any other details of the
microscopic completion, whether it be a unitary quantum field theory or an artificial
regulator, so long as the regulator preserves exact N = 2 superconformal symmetry
and possesses an exact conformal manifold parametrized by the gauge coupling
τ. This means the terms Km = Pm(α) are universal polynomials, common to any
superconformal quantization of the eft, whether Lagrangian or non-Lagrangian,
unitary or nonunitary. At the same time, the recursion relations establish that
Pˆm+1(α) = Pˆ
[univ]
m+1 (α) (4.4)
for any superconformal uv-completion obeying the recursion relations, with Pˆ[univ]m+1 (α)
defined in Eq. (3.4), whether the completion is unitary or not. Since there appear
to exist nonunitary superconformal regulators for the Coulomb-branch eft for an
infinite number of distinct values of α, it follows that Pˆm+1(α) = Pˆ[univ]m+1 (α) must
agree for an infinite number of values, for anym > 1. Any two polynomials of order
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m+ 1 that agree form+ 1 or more values, must agree identically, and we conclude
Pˆm+1(α) = Pˆ
[univ]
m+1 (α) = coefficient of J
−m in log(Γ(J+ α+ 1)) (4.5)
for all values of α.
Assuming the accuracy of our inferences about the properties of the ghost-hyper
regulators, this establishes the formula for Pˆm+1(α) for any value of α, independent
of any reference to a uv-completion. In particular, the polynomials Pˆm+1(α)must
also give the power-law corrections Kˆm/Jm for correlators of Coulomb-branch chiral
primaries in the non-Lagrangian theories in [30–35].
5 Universal EFT behavior compared with S4 localization
In Section 2.5, we showed that the eft approximation to the qn must be universal to
all orders in inverse powers of J = n∆O, but not universal nonperturbatively in n.
In this section, we check this claim in detail using the qn correlation functions in
N = 2 superconformal sqcdwith G = SU(2) and NF = 4, as computed from the S4
partition function as done in [15–18,29].
This method makes use of the bps property of the two-point function, using
recursion relations to obtain a closed-form expression for each qn+2(τ, τ¯) in terms
of the two previous amplitudes qn+1(τ, τ¯) and qn(τ, τ¯), for any rank-one theory
with a marginal coupling. Since q0(τ, τ¯) can be computed unambiguously (up to
holomorphic scheme-dependence [36] which correspond to Kahler transformations
of the conformal-manifold Kahler potential and which cancel out in the normalized
correlation functions) by supersymmetric localization, this gives in principle a closed
form expression for every qn. In practice, even the sphere partition function q0
itself is quite a complicated function of τ and τ¯, and its evolution to higher qn by
the recursion relations grows rapidly in complexity with higher n, making exact
evaluation of large-order qn intractable for nmoderately large.
We can evade this difficulty by taking only the perturbative piece of the sphere
partition function as an initial condition, and considering only the second difference
in Eq. (3.17)42nqn = qn+2 − 2qn+1 + qn, as in [1]. This has two advantages. First,
the difference42nqn removes the theory-dependent coefficients A and B of the J1
and J0 terms from the asymptotic expansion, and allows us to isolate the power
corrections and exponentially small terms. Explicitly
42nqeftn = log
(
(2n+ α+ 3)(2n+ α+ 4)
(2n+ α+ 1)(2n+ α+ 2)
)
. (5.1)
Second, we make use of the fact that our predicted values for the power-corrections
are universal, and therefore coupling-independent. We can therefore take a limit in
which gauge instantons are unimportant. In particular, we can take a weak-coupling
limit τ→ +i∞.
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Wemust be somewhat careful to take the limit in such a way that the nonuniversal
exponentially small corrections are not enhanced by taking weak coupling: The
validity of the eft depends on the ratio between the infrared scale and the physical
masses of the lowest massive excitations, such as the hypermultiplets and theW-
bosons. If we set this ratio too small, the validity of the eftwould break down entirely,
and in particular we would expect the exponentially small corrections exp{−M/EIR}
associated with macroscopic virtual propagation of massive particles, to become
large if we were to take τ → +i∞ at fixed J. The clash of limits between τ → i∞
at fixed J, and J → ∞ at fixed τ is inevitable for a simple reason: The Coulomb-
branch eft is obtained by integrating out the massive excitations, theW-bosons and
hypermultiplets. At fixed |φunit| ∝
√
J/r the masses of the lightest massive excitations
go as gYM |φunit|. If we fix J, at however large a value, taking the weak-coupling limit
always brings massive excitations to masses below our Wilsonian cutoff Λ, and the
predictions of the eft are no longer valid. If on the other hand we fix Im τ at however
large a value, and take J→∞, the weak coupling predictions are invalidated by the
combinatorics of the diagrams: For sufficiently many external legs, loop corrections
to correlators are enhanced by powers of J and gauge-theoretic perturbation theory
breaks down at arbitrarily weak coupling J−1/2 . gYM << 1.
The solution to this problem is to take the double-scaling limit of [2], in which
J is taken to infinity with λ = 2pi J/ Im τ held fixed. The ratio of the infrared
scale to the mass of the heavy excitations is fixed in terms of λ, so in this limit
gauge instantons are suppressed while virtual macroscopic massive propagation is
suppressed exponentially as exp
(
−const.× λ1/2).
In Appendix F, we compare the sum rule for the universal power law formula
with the data of the sphere partition function in the double scaling limit, in the case of
N = 2 sqcdwith G = SU(2) and Nf = 4. We find a remarkably accurate agreement
and then can estimate the leading correction to be
log(Yn)
∣∣∣∣sqcd
localization
− log(Yn)
∣∣∣∣sqcdeft ≈ A1 e−A2
√
J/(2 Imτ) (5.2)
where A1 = 1.8(2) and A2 = 3.2(1). In Figure 5.1 we show how this simple form
already reproduces the localization data for values of λ ≈ 3. In Figure 5.2 we show
how adding this contribution improves the agreement between our prediction and
the localization data also at smaller values of n (this is to be compared with the
purely perturbative results shown in Figure 3.1).
6 Discussion
In this article, we have studied N = 2 superconformal field theories with a one-
complex-dimensional Coulomb branch in a sector of fixed and large R-charge J.
Making use of the resulting effective field theory on the Coulomb branch at large
J, we have improved the results of [1], giving the 1/J expansion of the two-point
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Figure 5.1 – Second difference in n for the discrepancy between localization and EFT
results42n
(
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n
)
(dots) compared to42n
(
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(continuous lines)
as functions of Im τ at fixed values of n/ Im τ at A1 = 1.8, A2 = 3.2. The agreement is
quite good already for λ = 3.
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(continuous lines) as function of Im τ at fixed val-
ues of n. The exponential term seems to account for most of the discrepancy at small
values of n (compare with Figure 3.1).
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functions Yn = |x− y|2n∆O
〈
(O(x))n(O¯(y))n
〉
to all orders. The absence of higher-
order F-terms in our eft on the Coulomb branch plays a critical role: it implies that
the effective action on the Coulomb branch is given by the tree-level effective kinetic
term, the supersymmetrized wz term for the spontaneously broken Weyl invariance,
and unknown D-terms which do not affect correlation functions of chiral primaries.
The first term in the large-J expansion is computed explicitly from the eft in
terms of Feynman diagrams. Then, we observe that for theories with a marginal
coupling, we can compute all higher terms using recursion relations, arguing from
the eft that the higher terms do not depend on the marginal coupling.
Even though the recursion relations we solve apply only to scfts with a marginal
coupling, we find effective recursion relations in the eft for any theory with a one-
dimensional Coulomb branch, whether it has a marginal coupling constant or not.
Based on this we argue that the correlators for any four-dimensional N = 2 scft with
a one-dimensional Coulomb branch have a universal large-J behavior given by
qn ' JA+ B+ log(Γ(J+ α+ 1)), (6.1)
where A and B are theory-dependent constants and the ' indicates the presence of
non-universal corrections that are exponentially small in J.
We discuss a number of concrete examples, such as su(2) N = 2 sqcd in four
dimensions with four flavors, which allows us a direct cross-check against numerical
localization computations, verifying our results at high accuracy and allowing us even
to see the leading exponential corrections to the asymptotic large-charge expansion.
The results of this article highlight once more the universal applicability of
the large-quantum number expansion. The constraints imposed on the models by
supersymmetry and working at fixed large charge conspire and allow us to obtain
analytic results of an unprecedented precision.
Also the importance of the underlying vacuum structure for the large-quantum
number expansion is becoming increasingly obvious. The efts at fixed charge
display a universal behavior depending on the nature of the ground state manifold, as
evidenced by the classes of models studied so far with either a unique ground state,
such as the O(n) vector models and theW = Φ3 scft [3, 4], and the N = 2 scfts with
a one-dimensional Coulomb branch discussed in [1] and this article.
There are three obvious directions in which the present work can and should be
extended.
• First, it would be very valuable to generalize our results to correlation functions
of operators in chiral rings of higher-dimensional Coulomb branches. These
correlation functions likely lack the degree of universality seen in the present work,
because the Coulomb branch efts in rank greater than one, contain non-Goldstone
excitations. Nonetheless, onewould expect holomorphy and symmetries to sharply
constrain the possible higher-derivative F-terms, and thus lead to many relations
26
among correlators at large J.
• Second, correlation functions at large SU(2) R-charge could be computed using
eftmethods and related to computations by exact methods such as the ones used
in [37].
• Third, the leading exponentially small correction to the power-law correlators
in the 1/J expansion is quite interesting. Numerical analysis and comparison
with the universal power-law terms suggest strongly that the contribution has
an interpretation in terms of propagation of a massive particle over macroscopic
distance on the infrared scale. It would be illuminating to identify the particle and
its semiclassical trajectory, with a goal of matching the exponent and prefactor
calculated numerically in the case of N = 2 sqcd and generalizing the form of the
exponentially small correction to the case of non-Lagrangian theories.
Another important future direction is to gain a more intrinsic understanding
of the universality of the 1/Jm power-law corrections. In the present paper, we
have proven our universal formula directly for superconformal gauge theories with
marginal coupling, and we have used an indirect argument to show the formula
must hold for all theories of rank one, including non-Lagrangian scfts. We have also
independently computed an infinite series of coefficients directly in the Coulomb-
branch eft, supporting the prediction of the universal formula.
We note that the recursion relations for Coulomb branch correlators in N = 2
gauge theories are a particular kind of consistency condition among OPE coefficients,
conceptually similar to the conformal bootstrap equations. The simplification of the
recursion relations for power-law corrections from differential equations to algebraic
equations, is intriguing and suggests the possibility of a simpler derivation within
the Coulomb-branch EFT itself, avoiding the need to consider uv-completions of
the EFT with marginal coupling. A "algebraic version" of the recursion relations in
EFT, not depending on the existence of a marginal coupling, would have a closer
formal similarity to the bootstrap equations, with only a finite number of operators
exchanged in either channel.
So far, the abstract "bootstrap" approach to CFT has been unable to prove the large-
charge behavior of CFT data, that is straightforwardly visible in the EFT picture.3. It
would be draw a more precise connection between the "EFT version" of the recursion
relations, and the conformal bootstrap equations, to derive some aspects large-charge
CFT data for higher-rank N = 2 theories, N = 1 theories, and for theories without
vacuum manifolds, such as the O(2)model.
3 Though see [38] for progress in this direction.
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A Solving the recurrence equation
In [15–18, 29] it was observed that the correlations functions that we are interested in
obey the Toda lattice equation
∂∂¯qn(τ, τ¯) = exp[qn+1(τ, τ¯) − qn(τ, τ¯)] − exp[qn(τ, τ¯) − qn−1(τ, τ¯)]. (A.1)
In this appendix we want to show how to solve this equation using the extra
information coming from the eft about the τ dependence of the asymptotic expansion
of qn for large n.
First, it is convenient to rewrite the second-order equation as a system of two
first-order equations [39]:∂Pn(τ, τ¯) = Pn(τ, τ¯)(Qn(τ, τ¯) −Qn−1(τ, τ¯))∂¯Qn(τ, τ¯) = Pn+1(τ, τ¯) − Pn(τ, τ¯), (A.2)
where
Qn(τ, τ¯) = ∂qn(τ, τ¯), Pn(τ, τ¯) = exp[qn(τ, τ¯) − qn−1(τ, τ¯)]. (A.3)
In Section 2 we have seen that the dependence of qn(τ, τ)¯ on τ is at most affine (i.e.
only the constant and linear in n terms depend on τ). We can separate this by writing
qn(τ, τ¯) = nf(τ, τ¯) + k0(τ, τ¯) +Mn. (A.4)
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The variables Qn and Pn then read
Qn(τ, τ¯) = n∂f(τ, τ¯) + ∂k0(τ, τ¯), (A.5)
Pn(τ, τ¯) = ef(τ,τ¯) exp[Mn −Mn−1] = ef(τ,τ¯)Λn. (A.6)
With this ansatz the first equation in Eq. (A.2) is identically satisfied and we only
need to solve
n∂∂¯f(τ, τ¯) + ∂∂¯k0(τ, τ¯) = ef(τ,τ¯)(Λn+1 −Λn). (A.7)
If we isolate the terms that do not depend on τ, τ¯ we can rewrite the equation as the
system
∂∂¯f(τ, τ¯) = 2Aef(τ,τ¯), (A.8)
∂∂¯k0(τ, τ¯) = Bef(τ,τ¯), (A.9)
Λn+1 −Λn = 2An+ B, (A.10)
where A and B are constants. We see that f(τ, τ¯) obeys the Liouville equation (A.8)
on a hyperbolic plane of Gaussian curvature −4A, and it sources the Poisson
equation (A.9) satisfied by k0(τ, τ¯).
The equation for Λn is easily solved and gives
Λn = An(n− 1) + Bn+ C ′ = A(n− n+)(n− n−), (A.11)
where C ′ is an integration constant and n± are two numbers that satisfy
n+ + n− = 1−
B
A
, n+n− =
C ′
A
. (A.12)
Using this expression we can solve forMn:
eMn−Mn−1 = Λn (A.13)
and find
M(n) = D+ n logA+ log[Γ(n− n− + 1)Γ(n− n+ + 1)], (A.14)
where D is an integration constant.
Let us now consider the τ-dependent equations. The Liouville equation (A.8) for
f(τ, τ¯) admits the general solution
ef(τ,τ¯) =
1
A
|∂φ(τ)|2(
1− |φ(τ)|2
)2 , (A.15)
where φ(τ) is a meromorphic function. Now that we have solved for f(τ, τ¯), we can
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recast the equation for k0(τ, τ¯) as a Laplace equation:
∂∂¯
(
k0(τ, τ¯) +
B
2Af(τ, τ¯)
)
= 0 (A.16)
so that k0(τ, τ¯) is given by
k0(τ, τ¯) = −
B
2Af(τ, τ¯) +ψ(τ) + ψ¯(τ¯). (A.17)
We can now collect our results and write the final expression for qn(τ, τ¯):
qn(τ, τ¯) = nf(τ, τ¯) + k0(τ, τ¯) +Mn
= n(f(τ, τ¯) + logA) + k0(τ, τ¯) +D
+ log [Γ(n− n+ + 1)Γ(n− n− + 1)].
(A.18)
Our solution depends on the constants, n+, n−. They can be fixed in terms of
the anomaly coefficient α by comparing the large-n expansion of qn(τ, τ¯)with the
results of the eft. Expanding the gamma function in the expression in Eq. (A.18):
qn(τ, τ¯) = n(f(τ, τ¯) + logA− 2) + k0(τ, τ¯) +D+ log(2pi) − (n+ + n− − 1) logn+
+
1+ 3n+(n+ − 1) + 3n−(n− − 1)
6n + . . . (A.19)
In [1] it was shown that the coefficient of the term log(n) is −(α+ 1/2), moreover in
Eq. (2.37) we have found the general form of the O(1/n) term as function of α. We
can use these two conditions to eliminate the constants n±:−(n+ + n− − 1) = α+ 121
6(1+ 3n+(n+ − 1) + 3n−(n− − 1)) =
1
4
(
α2 + α2 +
1
6
)
,
(A.20)
which gives us n± as functions of α:
n− = −
α
2 , n+ =
1
2 −
α
2 . (A.21)
This allows us to use the duplication formula for the gamma function and to rewrite
qn(τ, τ¯) in terms of the super-wz coefficient α:
qn(τ, τ¯) = 2nA(τ, τ¯) + B(τ, τ¯) + log(Γ(2n+ α+ 1)), (A.22)
where we have collected all the τ dependence and constants in the two functions A
and B. From this expression we can compute explicitly the large-J expansion of qn
for example in the case of N = 2 sqcd where J = 2n. We see that the coefficient of
J−m is proportional to the Bernoulli polynomial Bm+1(α+ 1) [40]:
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qn(τ, τ¯) = J log(J) +
(
α+
1
2
)
log(J) + (A− 1)J+ B+ log
√
2pi
+
N∑
m=1
(−)m+1Bm+1(α+ 1)
m(m+ 1)Jm +O
(
1
JN+1
)
. (A.23)
As is well known, the expansion in the last equation is asymptotic and there are
corrections of order exp[−2pi J] that are subdominant with respect to the correction
that we have discussed in Section 2.5.
B N=2 supersymmetrization of the Weyl anomaly action
The wz term for the Weyl anomaly is given in [22]. An N = 1 supersymmetrization
of this term was given in [24]. This term it not the unique supersymmetrization
preserving N = 1 superconformal symmetry: Alternate supersymmetrizations of
the term can be obtained by adding N = 1 superconformally-invariant terms to the
action, for instance involving a N = 1 superconformal action for the gauge fields.
Using the extended N = 2 superconformal invariance as an input simplifies the
matter: As pointed out in [41] there is a unique effective term in the Coulomb-branch
dynamics of N = 2 superconformal theories in four dimensions; since the super-wz
term contains the ordinary wz term in Eq. (2.9) for Weyl invariance, this fixes the
coefficient unambiguously as well.
In N = 2 superspace, the term can be written formally as a full-superspace
integral
LN=2 super−WZ = (constant)×
∫
d4θd4θ¯ log(Φ/µ) log
(
Φ†/µ
)
. (B.1)
We wish to write this in components, particularly the terms involving the scalar φ, φ¯
and its derivatives.
The full form of the N = 2 super-wz term is easiest to write in terms of N = 1
superfields, as expressed in [42, 43]. The N = 2 vector multiplet Φ decomposes into
an N = 1 superfieldΦ[N=1] and an N = 1 vector multiplet V whose gauge-invariant
super-field strength isWα. In N = 1 superspace, the form of the term is
LN=2 super−WZ =
∫
(d4θ)N=1
[
C1 I
[N=1]
1 +C2 I
[N=1]
2
]
+(terms involvingWα) , (B.2)
where C1 and C2 are constants and
I1 ≡ 1
φN=1 φ¯N=1
(∂µφN=1)(∂
µφ¯N=1) , (B.3)
I2 ≡ 1
φN=1 φ¯N=1
(αβDαDβφN=1) (
α˙β˙D¯α˙D¯β˙ φ¯N=1) . (B.4)
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The Dα and D¯α˙ are the spinorial superspace covariant derivatives.
In addition to the lowest componentφ, theN = 1 superfield contains fermions and
a complex auxiliary field F, which is the lowest component ofD2Φ. In a genericN = 1
action, we would have to keep track of terms coupling F toφ and φ¯: After eliminating
the auxiliary fields, these would become terms of order α2 which could contribute to
the classical action. However such terms cannot appear in a superconformal effective
action for a vector multiplet alone: The real and imaginary parts of F transform
together with the real auxiliary field D of the N = 1 vector multiplet, as a triplet
under the SU(2) R-symmetry in the superconformal algebra, and any term coupling
linearly to F or D, would have to be a triplet as well. Since φ and Aµ are invariant
under the SU(2) R-symmetry, the only way to build a scalar term coupling linearly in
the auxiliary fields, would be to include at least two fermions. Therefore the values
of the auxiliary fields after eliminating them by their eom, can have no component
involving only the scalars and photon. We are interested in this section only in the
classical action, and the fermions only contribute quantum mechanically. So we can
treat the auxiliary field F as zero for purposes of writing down the action for the
scalars alone.
For the same reason, it will be unnecessary to keep track of any component
terms involving the N = 1 vector superfield: In the classical solutions relevant to the
two-point function of φ, the gauge field strength vanishes, and so all terms involving
the N = 1 vector superfield vanish classically and contribute only through their
quantum effects.
So we need only consider the superspace integrals of the two terms I1,2, and in
particular only the component terms containing no fermions or auxiliary fields.
With attention restricted to such component terms, the superspace integral of
I2 is easiest to compute. In order to obtain a term involving only scalars, we must
take the θ¯θ¯ component of D2ΦN=1 and the θθ component of D¯2Φ†N=1, which are
proportional to ∂2φ and ∂2φ¯, respectively. So we have∫
d4θN=1 I2 ' (constant′)2 |φ|−2 (∂2φ)(∂2φ¯) , (B.5)
where the ' denotes the omission of terms involving fermions and auxiliary fields.
The superspace integral of I1 can be evaluated easily using a trick: Treat ∂µφN=1
and its conjugate as independent superfields Gµ,G†µ, and write the superspace
integrand as a Kahler potential for the five superfields χA ∈ {φN=1,Gµ} and their
conjugates. So
I1 = K(χ,χ†) = |φN=1|−2 ηµνGµG†ν . (B.6)
Then the superspace integral is given by the usual formula written in terms of the
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Kahler potential,∫
(d4θ)N=1I1 ' K,χAχB†∂νχA∂νχB†
= K,φφ¯∂νφ∂
νφ¯+K,φG†µ
∂νφ∂
νG†µ +K,Gµφ¯ ∂
νGµ∂νφ¯
+K,GµG†ρ
∂νGµ∂νG
†
ρ
= |φ|−4GµG†µ∂νφ∂
νφ¯− φ−2φ¯−1Gµ ∂νφ∂
νG†µ
− φ¯−2φ−1G†µ ∂νφ¯∂
νGµ + |φ|−2 ∂µGν∂µG
†
ν
= |φ|−4 (∂φ∂φ¯)2 − φ−2φ¯−1 (∂µ∂νφ¯)(∂µφ)(∂νφ)
− φ¯−2φ−1 (∂µ∂νφ)(∂µφ¯)(∂νφ¯) + |φ|
−2 (∂µ∂νφ)(∂µ∂νφ¯) .
(B.7)
Rewriting the two terms with the substitution
φ = µ exp{−τ− iβ} , φ¯ = µ exp{−τ+ iβ} , (B.8)
we get∫
d4θN=1 I1 = (constant)× (∂µ∂ντ)(∂µ∂ντ) + (fermions and auxiliary) , (B.9)
and∫
(d4θ)N=1 I2 = (constant)×
[
(∂µ∂ντ)(∂µ∂ντ) − 2 (∂µ∂ντ)(∂µτ)(∂ντ) + (∂τ)4
]
+ (fermions and auxiliary) . (B.10)
Modulo total derivatives, anddropping the terms involving fermions andauxiliary
fields, this is∫
(d4θ)N=1 I1 = (constant)× (∂2τ)2 + (fermions and auxiliary) , (B.11)
and∫
(d4θ)N=1 I2 = (constant)×
[
(∂2τ)2 − 2 (∂τ)2(∂2τ) + (∂τ)4
]
+ (fermions and auxiliary) . (B.12)
The coefficients are given in [42,43], but it is simple to see what they must be. The
relative coefficient between the two terms must be −1: When β is set to a constant,
we must recover the usual wz action for the Weyl symmetry given in [22], which
contains no term proportional to (∂2τ)2. The absolute coefficient is also given by
matching with [22], so that the purely dilaton-dependent part of the super-wz term
33
is equal to the ks dilaton action:
const.×
∫
(d4θ)N=1 [I1 − I2] = const.×
[
(∂τ)4 − 2 (∂τ)2(∂2τ)
]
(B.13)
where the constant is fixed by the anomaly. This fixes the two coefficients; so we
conclude the dilaton and axion part of the super-wz term, and we get
L
(Euclidean)
super−WZ = +2 (∆a)
[ks]
[
(∂τ)4 − 2(∂2τ)(∂τ)2 + 2 (∂2τ)(∂β)2 − 4(∂τ · ∂β) (∂2β)
− 2(∂τ)2(∂β)2 + 4(∂τ · ∂β)2 + (∂β)4
]
, (B.14)
where we have evaluated the term in flat space, and dropped terms involving the
gauge field, fermions, and auxiliary fields. Note that this agrees with the flat space
expression given in [24].
We would like to write this action in other conformal frames, such as the sphere
S4 or the cylinder S3 × IR. In order to do this, we need to include the appropriate
curvature couplings that give the full action an appropriate transformation law. The
transformation law for the curved-space super-wz actionmust obey is itself nontrivial,
because the N = 2 super-wz action should not be conformally invariant: Indeed, it
must have a nonvanishing additive transformation under a Weyl transformation,
in order to reproduce the anomalous quantum transformation of the logs of the
determinants for the massive fields which have been integrated out. However it can
be decomposed into the ks action (2.9) itself, plus a remainder term. The former has
the anomalous transformation law dictated by the wz consistency condition, and so
the remainder must be invariant under Weyl transformations.
On flat space, the action breaks up as:
S[τ,β,g] = S[ks][τ,g] + S[remainder][τ,g] , (B.15)
where
S[KS][τ,g] ≡ +2(∆a)[ks]
[
(∂τ)4 − 2(∂2τ)(∂τ)2
]
S[remainder][τ,g] ≡ + 2(∆a)[ks]
[
+ 2(∂2τ)(∂β)2 − 4(∂τ · ∂β) (∂2β)
− 2(∂τ)2(∂β)2 + 4(∂τ · ∂β)2 + (∂β)4
]
.
(B.16)
The remainder term is covariant. For any conformally flat space, the covari-
antization is unique, and given by turning the flat metric into the dressed hatted
metric:
gˆµν ≡ exp[−2τ]gµν. (B.17)
On flat space, we have already worked out the remainder, which fixes its covari-
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antization. The covariant action for the axiodilaton alone in a general conformally
flat metric, has been given in [24]. Therefore the axiodilaton part of the remainder
term is given by the difference between this action and the ks dilation action. In
the N = 2 theory, there are also terms involving gauge field strengths and fermions,
which we omit, because we will not need them: the gauge fields and fermions make
no contribution up to and including order 1/J, and we have derived the higher
power-law corrections on general grounds without the need to use the other terms in
the action explicitly.
The covariantization of the remainder term is given in [24] as
L
(Lorentzian)
Remainder
BEO
≡ −4(∆a[ks])
√
−gˆ√
−g
[(
Rˆµν−
1
6 Rˆ gˆ
µν
)
∇µβ∇νβ+ 12
(
gˆµν∇µβ∇νβ
)2 ]
.
(B.18)
In four dimensions the Riemann curvature is given by a sum of the Ricci tensor
and Weyl tensor, and so any term vanishing in conformally flat space, must be
proportional to at least one power of the Weyl tensor and its derivatives. Since we are
only ever considering conformally flat geometries in this paper, we will henceforth
drop all terms involving the Weyl tensor. Therefore on a general space we have
L
(Lorentzian)
Remainder = L
(Lorentzian)
Remainder
BEO
+
(
covariant terms involving the Weyl tensor
)
. (B.19)
and of course the pureWeyl-anomaly term is given by the KS-action given in Eq. (2.9).
So, all in all we have
S
(lorentzian)
super−WZ, curved = − ∆a
[ks]
∫
d4x
√
−g
[
τE
[ks]
4 +
(
4
(
Rµν −
1
2Rg
µν
)
∇µτ∇ντ
− 2 (∇τ)2
(
2τ− (∇τ)2
))]
+ 4
√
−gˆ
[(
Rˆµν −
1
6 Rˆ gˆ
µν
)
∇µβ∇νβ+ 12
(
gˆµν∇µβ∇νβ
)2]
+
(
covariant terms invoving the Weyl tensor
)
(B.20)
It is convenient to separate the dependence on the powers of dilaton and axion:
L
(Lorentzian)
super−WZ = Lτ1 + Lτ2 + Lτ3 + Lτ4 + Lβ2 + Lτ1β2 + Lτ2β2 + Lβ4 , (B.21)
where
Lτ1 = −(∆a) τE4 , (B.22)
Lτ2 = −4 (∆a)
[
Rµν −
1
2 Ric4 g
µν
]
∇µτ∇ντ , (B.23)
Lτ3 = +4(∆a) (∇τ)2 (∇2τ) (B.24)
Lτ4 = −2(∆a) (∇τ)4 (B.25)
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Lβ2 = −4(∆a)
[
Rµν −
1
6 Ric4 g
µν
]
(∇µβ)(∇νβ) (B.26)
Lτ1β2 = −8 (∆a) (∇µ∇ντ)∇µβ∇νβ , (B.27)
Lτ2β2 = −4 (∆a)
[
2 (∇τ · ∇β)2 − (∇τ)2(∇β)2
]
, (B.28)
Lβ4 = −2 (∆a) (∇β)4 . (B.29)
C Nonexistence of higher-derivative F-terms on confor-
mally flat space
In generalN = 2 supersymmetric gauge theories, the effective action on the Coulomb
branch has higher derivative F-terms, of which those with few derivatives have been
partially classified by [25–28]. In the case of superconformal gauge theories with
rank one, the remarkable simplifications of the dynamics of the Coulomb branch
have to do with the absence of such terms. X
More precisely, the only half-superspace integrands consistent with supercon-
formal symmetry on a general curved background, are the tree-level kinetic term
proportional to Φ2, and terms involving the background Weyl multiplet, which
contains the U(1)R-photon background and the self-dual part of the Weyl tensor. X
Vanishing of higher-derivative terms on (superconformally) flat space
Consider the effective action of a single Abelian vector multiplet in a super-
conformally invariant theory. The symmetries of a N = 2 superconformal theory
include dilatation invariance and U(1) R-symmetry, which act on a vector multiplet
φ by rescalings and complex phase rotations respectively, both in the underlying
microscopic cft and in the eft of the Coulomb branch. The Weyl symmetry acts as
φ→ exp{ρ}φ , (C.1)
and the U(1)R acts as
φ→ exp{iγ}φ . (C.2)
One can combine the Weyl and U(1)R parameters into a single complex parameter
σ ≡ −ρ− iγ, which acts as
φ→ exp{−σ}φ , φ¯→ exp{−σ¯}φ¯ . (C.3)
In a superconformal theory it is natural to promote σ to a local function of superspace
rather than just the x coordinates. In order to preserve the chirality constraint
Q¯iα˙ ·φ = 0we can requireσ to obey the same chirality constraint Q¯iα˙ ·σ = 0. Invariance
of a superconformal theory under super-Weyl transformations parametrized by a
36
chiral superfield has been studied previously (see [44] and references within for
N = 1 theories and [45] and references within for N = 2 theories).
The chiral superfieldWeyl parameter σ consists of a complex scalar, fermions, and
a vector parameter λˆµ, and other components which act only on the auxiliary fields.
The scalar and fermionicmembers of theparameter superfield implementWeyl,U(1)R,
and local supersymmetry transformations, respectively; the λµ transformations shift
the gauge field as
δAµ = φ λˆµ . (C.4)
Local transformations are not themselves symmetries of the dynamical fields
alone, but can be understood as “spurionic” symmetries, that preserve the action for
dynamical variables together with a set of background fields, when the background
fields are transformed appropriately. In the case of local dilatation and local
U(1)R transformations, the corresponding background fields are the metric and the
U(1)R gauge field, which transform by Weyl transformations and local U(1)R gauge
transformations, respectively. The λµ-transformations can be thought of as shifting a
background antisymmetric tensor field Bµν by a gauge transformation
Bµν → (dλˆ)µν = ∂µλˆν − (µ↔ ν) . (C.5)
There is no unique or canonical formulation of supergravity off-shell, even N = 1
SUGRA, and the variety of off-shell formulations of N = 2 SUGRA is even larger.
The action of minimal super-Weyl invariance on the vector multiplet is necessarily
the same in any off-shell formalism, since it can be expressed directly in terms
of physical currents and their operator products with physical vector multiplet
degrees of freedom. So, the transformation of the superfield φ under a super-Weyl
transformation paramerized by the chiral superfield σ, is independent of the N = 2
SUGRA formalism and set of additional compensators and auxiliary fields needed to
give a complete off-shell formulation.
Constraints on the EFT from super-Weyl invariance
We observe that the Wilsonian effective action is super-Weyl invariant if the
underlying cft is super-Weyl invariant: The eft on moduli space inherits this
property directly from the cft. Super-Weyl invariance of the cft is automatic if the
theory is supersymmetric and conformal. Weyl invariance can be seen explicitly at
the Lagrangian level for superconformal gauge theories with hypermultiplets and
vanishing β-function; super-Weyl invariance also acts on the vector-multiplet action
in a transparent way.
The eft inherits the super-Weyl invariance of the underlying cft, so we can
now consider what possible terms one might write in a supersymmetric N = 2 eft
consistent with super-Weyl invariance.
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For a single U(1)gauge vector multiplet, the Weyl and local U(1)R transformations
give enough freedom to set the complex scalar φ equal to some fixed nonzero value,
say µ, everywhere that it is nonvanishing: By choosing σ = +log(φ/µ) we can fix
the "gauge" φ = µ.
The fermions ψiα in the Abelian vector multiplet are superpartners of φ, and
supersymmetry implies that ifφ−µ can bemade to vanishwith a local transformation,
thenψiα can bemade to vanish as well. And, indeed, superconformal transformations
can be promoted to local transformations as well: by integrating the supercurrents
against general functions ηiα(x) of space, we have enough freedom to set to zero
the fermions ψα at the cost of turning on a nonzero but flat background for the
(spurionic) gravitini.
The freedom to make λˆµ-transformations (C.5) allows us to set the gauge field
to zero as well, and so the entire vector multiplet in the eft can be gauged away. It
follows that there can be no super-Weyl-invariant terms containing only the metric
and no background curvatures.
Certainly there may be many terms involving background curvatures, but we are
considering only the maximally supersymmetric background IR4 and backgrounds
equivalent to it such as the sphere S4 and the cylinder S3 × IR. We therefore need
only consider couplings involving the Ricci curvature and its derivatives, since the
Weyl curvature and R-symmetry gauge flux vanish in the backgrounds we consider.
For D-terms there are many such terms one can construct: The dressed metric
gˆµν ≡ |φ|2 gµν isWeyl-invariant and its superspace extension is super-Weyl-invariant
by construction. So any term constructed from these has Weyl weight zero and is
suitable for addition to the action as a D-term (i.e., full N = 2 superspace d4θd4θ¯
integrand) consistent with super-Weyl invariance.
The correlators we consider in the present paper are computable by localization
and insensitive to D-terms; we need therefore consider only super-Weyl-invariant
F-term contributions to the effective action.4
Such terms must be of the form
∆L =
∫
d4θφ2 I0 , (C.6)
where I0 is a super-Weyl-invariant term that is also a chiral primary field, i.e.,
annihilated by all the D¯iα˙ superderivatives. As we have pointed out above, such
terms must be constructed from Ricci curvatures of the hatted metric. However the
hatted metric is not a chiral field, nor is the Ricci curvature or any of its derivatives.
One can see this easily from its definition: Acting with D¯iα˙ on gˆµν gives
D¯iα˙(gˆµν) = ωgˆµν , ω ≡ ψ¯iα˙/φ¯ . (C.7)
4 In addition to the familiar D-terms and F-terms, N = 2 supersymmetric effective theories with
hypermultiplets may have terms that can be represented as 34 -superspace integrals but not true F-terms.
Some such terms have been worked out in [25–28]. However we can restrict our attention to theories
with only a pure Coulomb branch and no massless neutral hypers, rather than an enhanced Coulomb
branch. For theories with no hypermultiplets we may consider only the usual F-terms and D-terms.
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In other words, even though gˆµν is Weyl-invariant, acting with the antichiral
supersapce derivative on gˆµν is equivalent to infinitesimally Weyl-transfroming the
hatted metric by a Weyl parameter proportional to ψ¯iα˙/φ¯, which does not vanish
identically, obviously. The only quantities that can be constructed from gˆµν are
exactly the same as the Weyl-invariant quantities that could be constructed from
the unhatted background metric gµν, with gµν replaced by gˆµν. But since these
quantities are Weyl-invariant, the replacement has no effect and they are exactly
the same as the ones constructed from gµν, that is, the Weyl curvature and various
powers of it and its Weyl-covariantized derivatives.
As mentioned earlier, many such terms can be constructed, and would contribute
to F-terms on a non-conformally-flat background; however for a background with
vanishing Weyl curvature, all such terms vanish. We therefore conclude that all
higher-derivative F-terms vanish identically on a conformally flat background, in
the effective theory of a single Abelian vector multiplet. Adding a flat background
connection for the U(1)R-symmetry, allows more terms to be written but does not
change the conclusion: There are no superconformally invariant higher-derivative
F-terms that can be written for a single vector multiplet, even with an R-symmetry
connection included, so long as the flux vanishes and the metric is conformally flat.
More comments on the currents
The action of the super-Weyl transformations on the physical fields is generated
by currents with protected integer operator dimensions living in a single current
multiplet; for the case of dilatations the generating operator is the trace of the stress
tensor with dimension 4 and for U(1) transformations the generating current is the
U(1)R-current with dimension 3. The field generating the λ-transformations is an
antisymmetric tensor of weight 3 (see for instance [46, 47]) which is not a conserved
current but whose curl is the weight-4 topological current that integrates to the
central charge Z.
Since these currents are local, they can be integrated against arbitrary functions
to generate well-defined local transformations of the fields. This is the physical basis
of the super-Weyl transformation: An infinitesimal change of the sugra background
is equivalent to an infinitesimal transformation of the physical degrees of freedom,
which in turn is equivalent to inserting integrated currents into the path integral. For
instance an infinitesimal change in the background metric is equivalent to
S→ S+ ∫ √|g| (δgµν) Tµν ; (C.8)
an infinitesimal change in the R-symmetry gauge connection is equivalent to
S→ S+ ∫ √|g| (δAU(1)Rµ ) JµU(1)R ; (C.9)
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and an infinitesimal change in the antisymmetric tensor background is equivalent to
S→ S+ ∫ √|g| (δBµν)Zµν + (c.c.) . (C.10)
Diffeomorphism and Weyl invariance are equivalent to the statements that Tµν
is divergenceless and traceless, respectively; U(1)R invariance is equivalent to the
statement that Jµ
U(1)R is divergenceless. There is no simple analogous statement
about the Z-current, which sits in the (short) stress tensor multiplet as an anti-self-
dual tensor with conformal dimension 3. At the free-field level, the Z-current is
proportional toφF(−)µν , where F(−) is the anti-self-dual part of the gauge field strength.
Its complex conjugate generates λˆ-transformations on the vector multiplet when
integrated against λˆ.
Unlike the R-current and stress tensor, its divergence does not vanish. Correspond-
ingly, the coupling of Zµν to the background Bµν-field is somewhat subtle; the λˆ
one-form transformations act on other background fields in addition to theBµν-field.
The coupling of the Z-current to the sugra background is formalism-dependent, as
the B-field is not part of the minimal N = 2 sugra multiplet and the details have
not been worked out in the sugra literature. One can infer the physically relevant
properties of the coupling by considering the current directly, whose properties are
formalism-independent.
The Zµν current, which generates the λµ-transformations which shift the gauge
field in the vector multiplet, is less well-studied than the other members of its
multiplet, the stress tensor and R-current. Since the super-Weyl transformation
generated in part by Zµν plays a role in forbidding higher-derivative F-terms for
one-dimensional Coulomb-branch efts, we comment briefly on properties of this
current for the sake of context [46–48].
The Zµν current is similar to the line-charge symmetry that shifts the photon
in a weakly-coupled Maxwell gauge theory [49, 50], but it is a different sort of
current. The line-charge current in four-dimensional Abelian gauge theory has
dimension approximately two at weak coupling rather than three, and cannot be
exactly conserved unless the dimension is exactly two and Maxwell field is exactly
free, in analogy with the parallel Sugawara theorem for spin-one currents in two
dimensions [51].
By contrast the Z-current has dimension three and is not divergenceless. Indeed,
the divergence of the Z-current contributes to the central charge in the N = 2
supersymmetry algebra. That is,
{Qiα,Q
j
β} = 2 ij αβ Z ,
Z 3 ∫ d3Nµ∇ν Zµν ,
Zµν ∝ ij ([σµ,σν])αβ ijQiα ·Qjβ · Jscalar ,
(C.11)
40
where Jscalar is the lowest component of the stress tensor multiplet, a scalar primary
of dimension ∆ = 2 transforming trivially under the R symmetry and equal to φφ¯ in
the Coulomb-branch eft [46, 47].
In a superconformal N = 2 theory without marginal operators, this current is the
only contribution to the central charge; there are no other currents of dimension three
and the correct quantum numbers to appear in the susy algebra. The normalization
of the central charge Z is therefore determined by the three-point function of the
current multiplet in such theories, which means its value is fixed entirely by the
anomaly coefficients a and c. This has interesting implications for the bps dyon
spectrum on the Coulomb branch of non-Lagrangian N = 2 scft.
In a superconformal N = 2 theory with marginal operators, there is a second
independent component of the central charge, also a total derivative, of a current
which we shall call Yµν:
Z 3 ∫ d3Nµ∇ν Yµν ,
Yµν =
∑
A yA ij ([σµ,σν])αβ ijQiα ·Qjβ · OA ,
(C.12)
where A runs over all marginal operators OA and yA can vary over the conformal
manifold. All the dependence of the central charge on the marginal directions is
through the Y-current contribution.
D N=2 superconformal gauge dynamics with ghost hy-
permultiplets
Weyl anomalies and β-functions for N = 2 gauge theory with G = SU(2)
Consider for instance the case of an N = 2 gauge theory with G = SU(2)
and ordinary hypermultiplets. A hypermultiplet in a representation R of SU(2)
contributes to the β-function as
βordinary hypermultiplet in R = +
gYM
3
16pi2 TrR(t
A tA) , (D.1)
where A = 1, 2, 3 and the representation matrices tA are taken to be Hermitean and
normalized so that the level spacing of tA=3 is differences of 1. So if R is the k-
dimensional representation then t3 has eigenvalues {−k−12 ,−
k−3
2 , · · · ,+k−32 ,+k−12 },
so
TrR(t
A tA) = 3× trR((tA=3)2) = k(k
2−1)
4 . (D.2)
In terms of the largest eigenvalue ` ≡ k − 12 of tA=3, this is just the dimension
k = 2`+ 1 of the representation, times the quadratic Casimir `(`+ 1) = 14(k
2 − 1).
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So the β-function of an ordinary hypermultiplet is
βordinary hypermultiplet in Rk = +
gYM
3
16pi2
k(k2 − 1)
4 . (D.3)
The β-function in N = 2 theories comes entirely from one loop.
Ghost hypermultiplets
If we were to couple hypermultiplets in representation R with spin-statistics
opposite to the usual ones, then the β function would be of the same magnitude
and opposite sign as for ordinary matter. Such opposite-statistics “ghost matter” in
supersymmetric gauge theory as been considered elsewhere in a similar spirit [52–55].
So
βghost hypermultiplet in Rk = −
gYM
3
16pi2
k(k2 − 1)
4 . (D.4)
The SU(2) vector multiplet contribution to the β-function is
βSU(2) vector multiplet = −6 , (D.5)
so the condition for the cancellation of the β-function is
∑
k
k(k2 − 1)
4 × (n
(hyper)
k − n
(ghost hyper)
k ) = +6 , (D.6)
where n(hyper)k and n
(ghost hyper)
k are the numbers of ordinary hypermultiplets and
ghost hypermultiplets, respectively, in the k-dimensional representation of SU(2).
The β-function depends only on the differences n˜(hyper)k ≡ n
(hyper)
k −n
(ghost hyper)
k ,
and so we can write formula (D.6) as
∑
k
k(k2 − 1)
4 × n˜
(hyper)
k = +6 . (D.7)
This is just the generalization of the usual β-function formula to negative numbers of
hypermultiplets; the path integral with ghost hypers gives this generalized formula
a concrete physical interpretation, at least in terms of a superconformal statistical
system in four euclidean dimensions, if not a quantum theory in 3 + 1 spacetime
dimensions.
Our only intended use for this system is to serve as a nonunitary regulator for
the effective vector multiplet action with various values of the α-coefficient of the
super-wz term.
Since we only wish to define the effective theory up to the scale Λ << |φ|, the
nonunitary nature of the ghost hypers is irrelevant since all hypermultiplet degrees
of freedom are massive at the scale set by |φ|: So long as the ghost hypers satisfy this
condition, then they just serve as a nice regulator for the wz action that has the useful
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property of preserving the spontaneously broken N = 2 superconformal symmetry.
Similar regulators for N = 4 theories involving ghost matter have been considered
elsewhere [52–55]. The present ghost regulators are similar to those of [55], which
are simpler than those of [52–54], in that the latter theories considered there involved
nonunitary degrees of freedom in the gauge sector as well as in the matter sector,
necessarily so in order to preserve the full N = 4 supersymmetry. Our regulating
theories, like those of [55], have nonunitarity only in the matter sector.
We therefore need to engineer a vacuum manifold consisting solely of an Abelian
vector multiplet, with no additional massless degrees of freedom from the hypers
when the vector multiplet scalar has a nonzero vev. That is, we wish to exclude the
case of an “enhanced” Coulomb branch or its ghost generalization. To achieve this, it
is necessary and sufficient to choose all the representations to be even-dimensional.
Then the mass matrix for the hypers, tARφA, has no vanishing eigenvalues for nonzero
φA, and the vacuum manifold is a pure Coulomb branch. So we will restrict our
representation content to k even. With this criterion, all ghost degrees of freedom
have masses of order |φ| and are above the cutoff Λ.
Now let us write an expression for the a-anomaly of the underlying cft. So
long as the β-function vanishes, the gauge coupling τ is marginal and the anomaly
is τ-independent, and we can compute the Weyl anomaly accurately in free field
theory. Just as for the gauge anomaly, the ghost hypermultiplets contribute to the
Weyl anomaly oppositely to the ordinary hypermultiplets in the same representation.
Thus we have the total a- coefficient
a
[aefj]
CFT = a
[aefj]
SU(2) vector multiplet + a
[aefj]
matter =
5
8 +
1
24 ×
∑
k k n˜
(hyper)
k . (D.8)
If we have chosen all the k to be even, then there are no massless degrees of freedom
on the Coulomb branch other than the vector multiplet, and so the Coulomb branch
eft has
a
[aefj]
EFT = a
[aefj]
U(1) vector multiplet = +
5
24 . (D.9)
Then the anomaly mismatch in aefj units is
(∆a)[aefj] ≡ a[aefj]EFT − a[aefj]EFT =
5
12 +
1
24 ×
∑
k
k n˜
(hyper)
k (D.10)
and the α-coefficient then comes out to
α ≡ 2× (∆a)[aefj] = 56 +
1
12
∑
k
k n˜
(hyper)
k (D.11)
We include only even k in the sum, but other than that there is no restriction on
the n˜k other than the requirement (D.7) that the β-function vanishes.
Conformal combinations of matter and ghost matter
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Since the n˜k can be positive or negative, there are many ways to satisfy equation (D.7)
while giving different values for α as determined by equation (D.11). For instance,
for n˜(hyper)4 any integer, we can taken˜
(hyper)
2 = 4− 10 n˜
(hyper)
4 ,
n˜k = 0 ∀k 6= 2, 4 .
(D.12)
Then the β-function cancellation equation (D.7) is satisfied, and the value of α is
α = 32 −
4
3 n˜
(hyper)
4 . (D.13)
Super-Weyl invariance of the ghost-hyper theories
The vanishing of the β-function means that these theories are scale-invariant.
However we can see that they are not only scale-invariant, they are Weyl-invariant
on curved space and therefore super-Weyl-invariant on curved superspace [56, 57].
The action for ghost hypers is Weyl-invariant at the Lagrangian level exactly as it
is for ordinary hypers: For both types of multiplet, the action is exactly quadratic in
hypermultiplet degrees of freedom, and the ghost hypers are taken to have exactly
the same super-Weyl transformation laws as the ordinary hypers. So even though
nonunitary scale-invariant theories are not Weyl-invariant in general, the ghost-hyper
scfts are special cases which are in fact super-Weyl invariant. This is important to
emphasize, because we will use super-Weyl invariance, not just scale invariance, as a
symmetry to eliminate higher-derivative F-terms in the Coulomb branch eft of the
ghost-hyper theories.
For vector multiplet actions, N = 2 super-Weyl invariance follows automatically
fromWeyl-invariance andN = 2 susy because theN = 2 supergravity backgroundhas
a superspace formalismwhich couples naturally to half-superspace F-terms for vector
multiplets as well as full-superspace terms. For hypermultiplet F-terms, maintaining
manifest supersymmetry off-shell is more subtle, requiring more sophisticated
superspace formalisms such as harmonic superspace or projective superspace, to
which we know of no currently developed formalism for coupling to a curved
superbackground.
However it is possible to see directly that the action for ghost hypermultipletsmust
be super-Weyl-invariant, if the action for ordinary hypermultiplets is super-Weyl-
invariant. There are two more or less equivalent ways to see this, one “on-shell” and
one “off-shell”. Both forms of the proof use the fact that the action for hypermultiplets,
both ghost type and ordinary type, is exactly quadratic in the hypermultiplet fields.
The on-shell, operator argument is as follows. Since the action is exactly quadratic
in the hypermultiplet degrees of freedom, somust be the stress tensor, supersymmetry
generators, and other currents. In particular, the virial current would have to be
quadratic in hypermultiplet degrees of freedom, and there is no candidate virial
current that is quadratic in hypermultiplet degrees of freedom.
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This operator proof translates into an off-shell argument in component fields, as
follows:
Given an N = 2 supergravity background and a fixed (not necessarily supersym-
metric or on-shell) background for the vector multiplet, we can perform a super-Weyl
transformation on the metric and vector-multiplet degrees of freedom.
The full action for vector and hypermultiplets is super-Weyl invariant, and thus
for an arbitrary super-Weyl transformation of the background metric and dynamical
SU(2) vector multiplet, there must exist a corresponding transformation on the
components of the hypermultiplet that leaves the Lagrangian invariant, not just up to
a total derivative or local susy transformation, but invariant exactly, since the virial
current must vanish. The action is exactly quadratic, and the transformation of the
off-shell hypermultiplet component fields under the super-Weyl transformation is
linear.
The exact same super-Weyl transformation can be applied as a linear transfor-
mation to the off-shell ghost hypermultiplet component fields, and the action will
necessarily still be invariant: For a quadratic action for a complex field, a linear
transformation on a bosonic field leaves the action invariant if and only if the cor-
responding action for a fermionic field also does so: For a quadratic action for a
complex field, the statistics of the field are irrelevant to the invariance of the action
so long as the transformation is linear.
We therefore conclude that the fixed points with ghost-hypermultiplets are
invariant under the same super-Weyl transformations as the scfts with ordinary
unitary hypermultiplets.
E Saddle point value of the classical action
In Section 4 we have given an indirect proof that the power law corrections Kˆm/J to
the qn for any one-dimensional Coulomb branch, must be given by the universal
polynomials Pˆ[univ]m+1 (α) given in Eq. (3.4), even in a non-Lagrangian theory with no
marginal coupling and no evident reason to obey the gauge-theoretic recursion
relations from which the Pˆm+1(α) were derived. Our proof was somewhat abstract,
and relies on the well-definiteness of unfamiliar path integrals involving nonunitary
matter in the hypermultiplet sector.
Due to the absence of higher-derivative F-terms, the Kˆm are certainly well-defined
universal, and computable within the Coulomb-branch eft itself, independent of any
data other than the α-coefficient. It is therefore possible in principle to check our
result directly by computing correlators in the eft.
In this Appendix we perform the simplest possible check of deriving the leading
coefficients of the Pˆm+1 polynomials, which give the terms of order αm+1/Jm in the
expansion of qn.
The terms of order αm+1/Jm, i.e., the leading terms in the polynomials Pˆm+1(α),
are most conveniently computed by using the bps helical property of the classical
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solution: The only change in the classical helical solution, at any order in α, is the
equilibrium value of |φ| at fixed J and fixed frequencyω = 1/r.
Modulo J-independent normalization constants for the S4 partition function and
the operator O itself, the qn are simply given by the partition function with sources:
qn = log
[
Z0 Yn
]
= log(Zn) = exp{−Wn} , (E.1)
where Zn is the path integral over the action
Sn ≡ Sfree + super-wz + Ssources. (E.2)
The sum of tree diagrams contributing toWn is simply the classical action at the
saddle point, including the free action, sources, and Wess-Zumino term. Therefore
the full α-dependent expression for the classical action, will give us the leading terms
of all the polynomials in Pˆm+1:
∑
m qn
∣∣∣∣
αm+1/nm term
= −Sn
∣∣∣∣
saddle point value
. (E.3)
In the τ,β variables, the (Lorentz mostly-plus signature) classical action on the
cylinder S3 × time is
S(Lorentzian) =
∫
d4x
√
|− g| L(Lorentzian) , (E.4)
which we can decompose into the kinetic and wz term:
L(Lorentzian) = L
(Lorentzian)
kin + L
(Lorentzian)
super−WZ , (E.5)
The kinetic term is simply
L
(Lorentzian)
kin ≡ −µ exp{−2τ}
[
(∂τ)2 + (∂β)2 −
1
6 Ric4
]
(E.6)
where the Ricci scalar is given by Ric4 = Ric3 = 6/r2.
We have written the wz term in Eq. (B.21). The sources are at infinity and do not
affect the helical solution at all, except insofar as they set the value J of the R-charge
for the solution. The frequency of a bps helical solution is in general fixed by the
bps property (for a realization of this fact in the contest of string theory see [58])
and indeed the eom β˙2 = 1/r2 for τ tells us immediately that β = ±1/r is the only
allowed frequency for a helical solution, since the undifferentiated τ appears only in
the kinetic term Lkin and its variational equation fixes β2 = 1/r2, with the one sign
for β˙ corresponding to the bps helical solution and the other sign corresponding to
an anti-bps helical solution.
For any given τ, the R-charge density is simply the derivative of the Lagrangian
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density with respect to β˙:
ρ =
δL
δβ˙
= 2µ2 exp{−2τ} β˙− 8 (∆a)
[ks]
r2
β˙− 8 (∆a)[ks] β˙3
= sgn(β˙)
[
2µ2 exp{−2τ} r−1 − 8 (∆a)
[ks]
r3
− 8 (∆a)[ks] r−3
]
=
2 sgn(β˙)
r
[
µ2 exp{−2τ}− 8 (∆a)
[ks]
r2
]
=
2 sgn(β˙)
r
[
|φ|2 −
8 (∆a)[ks]
r2
]
=
1
AS3
J =
1
2pi2 r3 × J,
(E.7)
where in the last equality we have used
J = AS3 × ρ = 2pi2 r3 × ρ . (E.8)
We see that sgn(β˙) = sgn(J) and J/β˙ = |J|, so
µ2 exp{−2τ}− 8 (∆a)
[ks]
r2
= |φ|2 − 8 (∆a)
[ks]
r2
= 14pi2 r2 × |J|. (E.9)
Solving for |φ|2 gives
µ2 exp{−2τ} = |φ|2 = 14pi2 r2 × |J|+
8 (∆a)[ks]
r2
. (E.10)
Using the translation between the aefj normalization and the aefj normalization
in [21] for the a-anomaly, given in Appendix A of [1] as
a[ks] = 116pi2 a
[aefj] , a[aefj] = 16pi2 a[ks] , (E.11)
we have
µ2 exp{−2τ} = |φ|2 = 14pi2 r2 |J|+
(∆a)[aefj]
2pi2 r2 , (E.12)
and using the definition of the α-coefficient,
α = 2 (∆a)[aefj] , (E.13)
we have
µ2 exp[−2τ] = |φ|2 = 14pi2 r2 |J|+
α
4pi2 r2 =
1
4pi2
(|J|+ α) , (E.14)
as an exact statement in the classical solution. Comparing the value at α = 0, we have
|φ|2
|φ|2
∣∣∣
α=0
= f2(α) (E.15)
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with
f(α) =
√
1+ α
|J|
=
√
1+ αˆ . (E.16)
Substituting β˙→ 1r , and solving for τ in terms of J yields
|φα|
2 =
1
4pi2 r2 × |J|+
α
4pi2 r2 =
1
4pi2 (|J|+ α) = f
2(α)|φ0|
2 , (E.17)
where φα is the solution for nonzero α and φ0 is the solution at α = 0.
The ratio |φ|/|φ|0 is Weyl-invariant and is also constant over space (equal to f(α))
in cylinder frame; therefore it is constant in all conformal frames.
Modulo φ-independent terms proportional to n1, the saddle-point value of the
source term in the action is
Ssource[α] = −J log[φα(x)] − J log[φ¯α(y)]
= Ssource[α = 0] − J log[f2(α)]
= Ssource[αˆ = 0] − J log[1+ αˆ].
(E.18)
The kinetic term is R-symmetry invariant and exactly quadratic in |φ|. In [1] it
was found that
|∂φ(x)|2 =
J
2δ
(4)(x− x1) +
J
2δ
(4)(x− x2) (E.19)
so the saddle-point value of the free kinetic term on flat space, including δ-function
contributions at the insertion points, is
Skinetic[α] = f(α)
2 Skinetic[α = 0] = (1+ αˆ)Skinetic[α = 0]
= (1+ αˆ)Skinetic[αˆ = 0] = J (1+ αˆ) .
(E.20)
Finally, the super-wz term contains only gradients of β and differentiated loga-
rithms of |φ¯|, and therefore f(α) drops out of the super-wz term altogether, except for
the Euler-density piece:
S
(Euclidean)
super−WZ [α] = S
(Euclidean)
super−WZ
∣∣∣∣
φ=φα
= S
(Euclidean)
super−WZ
∣∣∣∣
φ=φ0
− α log(f(α))
∫
d4x
√
−gEZ4
=
(
order α1 log(J) term
)
+
(
order α1 J0 term
)
− α log(f(α))
∫
d4x
√
−gEZ4 .
(E.21)
Of these, the first was already computed in [1] and is equal to −α log(J) and thus
contributes to qn as +α log(J). For purposes of the computation in this section we
are really only interested in terms that are order αˆ2 and higher, and so we ignore
both the first two terms in the wz action. These two contain only terms linear in α;
only the third term contains terms of order α2 and larger.
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As in [1] we convert the ks normalization of the Euler density into the integer-
normalization of the Euler density, i.e. the one normalized so that∫
d4x
√
|g|EZ4 = χ(X4) ∈ Z (E.22)
with the convention χ(S4) = 2. The proportionality constant is [1]
E
[ks]
4 = 32pi2 EZ4 , EZ4 =
1
32pi2 E
[ks]
4 (E.23)
so the third term of (E.21) is
L
(Euclidean)
super−WZ [α]
∣∣∣∣
E4 log[f(α)]
= (∆a)[ks] τE[ks]4 =
1
16pi2 (∆a)
[aefj] × (32pi2) τE[Z]4
= 2× (∆a)[aefj] × τE[Z]4 = α× τE[Z]4 ,
(E.24)
so for the four-sphere
S
(Euclidean)
super−WZ [α]
∣∣∣∣
E4 log[f(α)]
= 2ατ = −2α log(|φ|/µ) = −α× log(|φ|2/µ2)
= − Jαˆ× log(|φ|2/µ2)
= − Jαˆ× log(|φ0|2/µ2)− Jαˆ× log(|φa|2/|φ0|2)
= − Jαˆ× log(|φ0|2/µ2)− Jαˆ× log[f2(α)]
− Jαˆ× log(|φ0|2/µ2)− Jαˆ× log[1+ αˆ].
(E.25)
We can write this as
S
(Euclidean)
super−WZ [α]
∣∣∣∣
E4 log[f(α)]
= −Jαˆ× log(|φ0|2/µ2)− Jαˆ× log[1+ αˆ]
=
(
order J1 αˆ1
)
− Jαˆ× log[1+ αˆ] .
(E.26)
So putting it all together, we have
S
(Euclidean)
kinetic [α] =
(
affine in α
)
, (E.27)
S
(Euclidean)
source [α] =
(
order J1αˆ0
)
− J log(1+ αˆ) , (E.28)
S
(Euclidean)
super−WZ [α] =
(
affine in α
)
− J αˆ log(1+ αˆ) , (E.29)
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and the complete saddle point action is
S
(Euclidean)
saddle point, total[α] =
(
affine in α
)
− J (1+ αˆ) log(1+ αˆ)
=
(
affine in α
)
− J×
[
α+
∑
m>1
(−1)m+1 αˆ
m+1
m(m+ 1)
]
=
(
affine in α
)
− J×
[ ∑
m>1
(−1)m+1 αˆ
m+1
m(m+ 1)
] (E.30)
so for allm > 1 we have
Kn n
−m
∣∣∣∣
order αm+1
= KˆmJ
−m
∣∣∣∣
order αˆm+1
= J+1 Pˆm+1(αˆ)
∣∣∣∣
order αˆm+1
= qn
∣∣∣∣
order αˆm+1 J+1
= −S
(Euclidean)
n, saddle point, total[α]
∣∣∣∣
order αˆm+1 J+1
= +J× (−1)m+1 αˆ
m+1
m(m+ 1) , ∀m > 1 .
(E.31)
This result is to be comparedwith the formula for the polynomials Kˆm = Pˆm+1(α)
in Eq. (3.4) and gives an infinite number of direct computations consistent with our
universal formula . It is a direct calculation in the eft and it is independent of the
ghost-hyper argument and independent of any uv-completion of the eft. This infinite
number of agreeing coefficients supports our argument that our formula for the
power-law corrections Kˆ[univ]m is universal among all theories with a given value of α,
including non-Lagrangian theories.
F Numerics
In the case of N = 2 sqcd with 4 flavors the correlators that we discuss can be
computed via localization [15]. The function G2n is the ratio of two determinants:
G2n = 42n
det(Mn)
det(Mn−1)
, (F.1)
whereMn is the upper-left (n− 1)× (n− 1) submatrix of the (normalized) matrix
of derivativesM of the partition function Z0:
M
∣∣∣∣
m,n
=
1
Z0
∂n∂¯
m
Z0. (F.2)
The partition function forN = 2 sqcd is written in terms of the BarnesG-function [59]:
Z0 = Z
sqcd
S4
(τ, τ¯) =
∫∞
−∞ daa2e−4a Imτ
|G(1+ 2ia)|4
|G(1+ ia)|16
|Zinst(ia, τ)|2, (F.3)
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where Zinst is the instanton partition function [60, 61]:
Zinst(a, τ) = 1+
1
2
(
a2 − 3
)
e2piiτ +O
(
e4piiτ
)
. (F.4)
For simplicity we will consider the regime Im τ > 1 and ignore the instanton
corrections. Note that in this approximation the partition function Zinst(a, τ) is
independent of Re(τ).
Since we want to evolve the recursion relations numerically starting from an
approximate initial condition for the S4 partition function, we need to estimate the
sensitivity of large-J correlation functions to imprecise initial conditions.
Wemaywish to start at some initial valueni greater than 0. The recursion relation
is second order, so in order to define initial conditions, we need to define both qni
and qni+1. These initial conditions are of course functions of τ and τ¯, but we will
suppress in this section the dependence on the arguments τ, τ¯ in our notation.
It is useful to write the rank-one recursion relations in their “deterministic” form.
Given any initial conditions at ni,ni + 1, there is always a unique solution to the
recursion relations for n > ni + 2. One can consider two nearby solutions, separated
by a small amount δn, and analyze how the linearized deviation propagates to larger
values of n. The deviation propagation equation is:
δn+2 + δn − 2δn+1 =
16(Im(τ))2
(2n+ 3+ α)(2n+ 4+ α) ∂τ∂τ¯ δn+1
−
2 (4n+ 2α+ 5)
(2n+ α+ 3)(2n+ α+ 4)
(δn+1 − δn). (F.5)
Even at the linearized level, this equation is nontrivial, and depends on the de-
composition of the error into eigenvalues of the Laplacian on the upper half plane
or its quotient under the modular group. We do not analyze the propagation of
errors for general perturbations. Instead, we use the fact that the perturbative piece
of Z0(τ, τ¯) is a good approximation at weak coupling. As pointed out in [2], the
clash between weak coupling and large J can be avoided if one considers the limit
J → ∞ while taking λ ≡ 2pi J/ Im(τ) fixed. Since our formula for the power-law
corrections is τ-independent for rank-one theories, these two limits coincide for the
power-law piece log(Γ(J+ α+ 1)), differing only in the behavior of the nonuniversal
exponential correction. We can therefore isolate this correction easily in the fixed-λ
limit, in which the instanton contributions to Z0(τ, τ¯) go to zero exponentially in n.
One might expect the exponentially small corrections to be associated with the
breakdown of the eft altogether, capturing the leading effects of massive states
propagating over distances on the infrared scale, as discussed in Sec. 2.5. One would
therefore anticipate exponentially small corrections proportional to ∝ exp[−κλ1/2],
with κ some fixed number depending on the geometry of the virtual propagation,
but not on n or τ, τ¯. Numerically, we find a remarkably accurate match to such an
exponential, with κ =
√
pi/2, as shown below.
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In Section 2.3 we have seen that only the coefficients ofn0 andn1 in the asymptotic
expansion of qn(τ, τ¯) are expected to depend on τ. This means that the second
variation in n of qn(τ, τ¯) is τ-independent. Let4 be the difference operator ∆nqn =
qn+1 − qn. We want to compute the second difference
42nq(loc)n (τ, τ¯) = q(loc)n+2(τ, τ¯) − 2q(loc)n+1(τ, τ¯) + q(loc)n (τ, τ¯) (F.6)
and compare it with the result in Eq. (A.22):
42nqeftn = log
(
(2n+ α+ 3)(2n+ α+ 4)
(2n+ α+ 1)(2n+ α+ 2)
)
. (F.7)
Figure 3.1 shows the results of a numerical computation for imaginary values
of τ between 1 and 60 and for n between 1 and 40, representing the values of
42nq(loc) as function of τ at fixed values of n. We see that quite rapidly, already
for τ ' 4i, the τ-dependence drops for all values of n. The asymptotic value is
well approximated by42nqeftn for n larger that n & 5, where the discrepancy is of
order 1 − 42nqeft/42nq(loc)
∣∣
n=5,τ1 ≈ 1%. At n = 1, the discrepancy is of order
1− 42nqeft/42nq(loc)
∣∣
n=1,τ1 ≈ 8%.
The numerical data can help us estimate the τ and n dependence of the difference
42n(qlocn − qusn ). As discussed in Section 2.5, we expect the leading contribution to
the difference to have the form
q(loc)n − q
eft
n ∼ fn(τ, τ¯)e−κ
√
n/ Imτ = fn(τ, τ¯)e−κ
√
λ/(4pi), (F.8)
whereλ = ng2 = 4pin/ Im τ. To verify this conjecture and estimate the proportionality
factor fn(τ, τ¯) and the coefficient κ we have computed the difference as a function of
τ, keeping the ratio n/ Im τ = λ/(4pi) fixed (see Figure 5.1). The numerical data is
consistent with fn(τ, τ¯) being a constant approximately equal to fn(τ, τ¯) ≈ 1.6 and
κ ≈ pi. Already for τ ≈ 3 our conjecture seems to reproduce the localization data to
high accuracy. Interestingly, this single exponential term to our solution q(us)n (τ, τ¯)
seems to account for the discrepancy42n
(
q
(loc)
n − q
eft
n
)
both in the small-τ, large-n
(i.e. large-λ) regime and in the large-τ regime (see Figure 5.2).
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